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1.  Page  72  bottom,  eq.  (3*32):  In  the  sums,  the  factor  em  is  missing. 

ao  00  00  CO 

2.  Page  73  top,  eq.  (3*32):  y  should  read 

m»o  n*-ac  m— 00  n«o 


3.  Page  llli,  eq.  (3.107):  The  very  last  term  in  the  expression  for  B./f  , 

_  w  1  2  o 

namely  (-  - — )  ,  should  be  omitted. 
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u.  Page  120:  The  expression  for  C  should  read 

p  Ci  (ka1  ♦  n)  ♦  Ci  [ka1  -  n| 


the  negative  sign  appearing  in  the  original  is  incorrect. 

0  o 

3.  Page  123,  eq.  (3*120):  The  factor  16/n  should  read  .1  /l6  . 

6.  Page  123,  eq.  (3.122):  A  somewhat  more  accurate  expression  is 
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I.  IITBCBTCTIg 

A.  Scone  of  Research 

The  basic  objective  of  thie  research  is  the  investigation  of 
the  equivalent  circuit  behavior  of  rectangular  slots  of  arbitrary 
dimensions  located  in  a  variety  of  positions  in  rectangular  waveguide. 
Previous  work  on  this  subject  has  been  reported  by  Watson  and  Stevenson1, 
where  the  experimental  investigation  was  primarily  concerned  with  radiating 
slots  near  resonance,  and  where  the  theory  restricts  itself  to  narrow 
slots.  The  present  work  considers  slots  of  arbitrary  dimensions,  both 
experimentally  and  theoretically,  where  the  theoretical  results  are  both 
more  accurate  and  easier  to  use  than  those  of  Stevenson.  This  investiga¬ 
tion  was  Initiated  under  the  direction  of  Dr.  H.  Marcuvitz  approximately 
two  years  ago.  However,  due  to  the  pressure  of  increased  academic 
commitments ,  Dr.  Marcuvitz  has  found  it  impossible  to  continue  in  this 
capacity,  and  he  has  been  replaced  by  Dr.  A.  A.  Ollner  as  supervisor. 

The  choices  of  equivalent  circuit  representation,  method  of 
measurement  for  the  parameters  of  this  representation,  and  method  of 
theoretical  calculation  of  these  parameters  for  tne  rectangular  slot 
program  are  the  following.  The  equivalent  circuit  representations  used 
are  "invariant"  ones  ( to  be  described  later) ;  the  parameters  for  lossless 
slots  are  measured  by  means  of  the  tangent  relation  method,  while  radiati* 
slots  are  measured  by  a  method  described  later;  and  the  theoretical  calcu¬ 
lations  are  made  by  means  of  the  variational  method,  due  to  J.  Schwinger. 
Details  of  these  methods  will  be  discussed  later,  but  it  should  be  mentioned 
here  that  stress  is  laid  on  them  because  in  same  respects  they  are  in 
.themselves  contributions  to  microwve  techniques.  The  types  (geometrical 
location)  of  slots  investigated  are  the  following: 

a)  Transverse  slot  (guide  to  guide  coupling) »  as  a  function 
of  aperture  dimensions,  angle  of  rotation,  and  thickness. 

b)  Transverse  radiating  slot  (permitting  radiation  from  the  end 
of  the  guide) :  as  a  function  of  aperture  dimensions  and 
thickness. 


Per  example,  see* 

Stevenson,  A.  7.,  "Theory  of  Slots  in  Hectangular  Wave  Guides" 

J.  App.  Phys.,  19,  24  (1948) 

Watson,  W.  H.,  "The  Physical  Principles  of  Have  Guide  Transmission" 
Oxford  University  Press,  1947 
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c)  Slot-coupled  £  plane  Teei  as  a  function  of  aperture 
dimensions  and  thickness. 

d)  Slot  radiating  from  the  broad  face  of  the  guide  (£  plane): 
as  a  function  of  aperture  dimensions  and  thickness. 

Work  is  r >v  proceeding  in  a  fashion  similar  to  c)  and  d)  for  slot-coupled 
H  plane  tees  and  3  plane  radiating  slots.  The  radiating  slots  of  h)  and 
d)  couple  the  guide  to  a  half  space  (infinite  baffle)  rather  than  a  "full" 
space, primarily  because  the  theoretical  calculations  are  then  much  simpler. 
Typical  slots  are  shown  in  Fig.  1.1. 

A  number  of  smaller  progress  reports  have  been  issued  some  time 
back,  but  attention  is  called  here  to  two  major  reports  which  are  referred 
to  later  in  the  present  report*  They  are: 

1)  "The  Representation,  Measurement,  and  Calculation  of 
Equivalent  Circuits  for  Waveguide  Discontinuities  with 
Application  to  Rectangular  Slots",  Final  Report,  R-193-49, 
PIB-I37. 

2)  "Whveguide  Circuit  Theory;  Coupling  of  tfeveguides  by 
Small  Apertures",  Report  R-157-*»7i  HB-106, 

The  latter  report  was  written  by  N.  Marcuvitz,  and  gives  a  detailed  pre¬ 
sentation  cf  the  theoretical  background  necessary  for  setting  up  the  re¬ 
quired  variational  expressions.  The  report  describes  the  rigorous  f emula¬ 
tion  of  an  arbitrary  electromagnetic  field  in  terms  of  modes  characteristic 
of  the  guide  cross-section,  and  includes  terms  which  account  for  sources 
within  the  guide  due  to  obstacles  and  apertures.  It  is  then  shown  how  the 
fields  everywhere  may  be  solved  for  by  means  of  an  integral  equation,  from 
which  one  may  easily  obtain  the  corresponding  variational  expression.  The 
report  contains  other  material,  such  as  the  solution  of  the  integral  equa¬ 
tions  for  small  apertures  (not  rectangular,  however),  but  these  are  not  6f 
direct  Interest.  The  former  report  was  a  group  project,  and  contains 
information  on  the  first  portion  of  the  slots  program,  information  which 
will  not  be  repeated  in  the  present  report.  The  experimented  results 
presented  there  are  for  the  transverse  slot,  as  a  function  of  aperture 
dimensions,  angle  of  rotation,  and  thickness,  and  for  the  thin  transverse 
slot  radiating  from  an  "infinite"  baffle,  as  a  function  of  aperture  dimen¬ 
sions.  Corresponding  theoretical  results  are  presented  there,  but  they 
are  neither  as  accurate  nor  as  simple  in  form  as  those  presented  for  the 


TYPICAL  SLOTS 
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SLOT -COUPLED 
E  PLANE  TEE 


"INFINITE* 

Plane 


E  PLANE  RADIATING  SLOT 


Figure  1.1 
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tnuren*  slot  in  the  present  report.  The  memsurement  nethod  need  ie 
presented  in  considerable  detail,  including  the  tangent  relation  procedure 
4  tself ,  ways  of  obtaining  the  final  parameter*  to  within  the  ultimate 
precision  of  the  data,  the  Humor  in  which  estimates  of  error  are  obtained, 
and  a  description  of  the  equlpeent ,  together  with  the  experimental  techniques 
sind  the  precautions  to  be  observed.  In  addition,  the  "Invariant"  representa¬ 
tion  for  the  transverse  slot  is  given  (although  not  by  that  name) ,  and  the 
method  of  setting  up  the  variational  expression  for  transverse  slots  is 
described.  The  contents  of  these  previous  reports  are  listed  here  since  in 
the  present  report  reference  to  them  is  made  frequently  and  it  is  tacitly 
assumed  that  they  are  available. 

The  tern  "invariant",  applied  to  the  equivalent  circuit  repre** 
sentations  used  in  the  slot  program,  is  novel,  and  is  introduced  in  this 
report.  It  is  known  that  the  parameters  of  an  equivalent  circuit  representa¬ 
tion  can  be  changed  by  shifting  the  circuit  reference  planes.  The  pupose 
of  the  "invariant"  representation  is  to  obtain  an  equivalent  circuit  wherein 
the  parameters  are  determined  experimentally  independently  of  any  absolute 
distance  measurements,  l.e.  the  parameter  values  are  "invariant"  to  absolute 
distance  measurements ,  and  depend  only  on  electrical  measurements .  The 
absolute  distance  measurements ,  which  are  always  less  accurate ,  are  then 
Involved  only  in  the  location  of  the  reference  planes*  As  expected,  the 
resultant  representation  is  intimately  connected  with  the  measurement  method, 
so  that  further  details  will  be  gl<ren  in  lfert  II.  Vhile  it  is  of  course 
true  that  the  accuracy  of  the  overall  circuit,  including  the  reference  planes, 
is  not  improved  in  any  way  by  the  invariant  representation,  there  are  a 
number  of  distinct  advantages: 

a)  Tor  certain  locations  of  reference  planes,  the  circuit 
parameter  values  are  critically  dependent  on  the  sources 
of  error,  and  may  change  wildly  for  a  very  snail  error  in, 

■ay,  a  distance  measurement.  It  is  known,  however,  that 
the  overall  accuracy  le  affected  only  ellghtly,  eh  that 
the  large  change  is  spurious.  It  is  therefore  preferable 
to  use  a  representation  wherein  the  parameter  values  are 
Insensitive  to  such  small  errors,  and  the  invariant  repre¬ 
sentation  serves  this  purpose. 

b)  A r  mentioned  above,  the  parameters  depend  only  on  the 
electrical  measurements  and  are  Independent  of  the  absolute 
distance  measurements.  Due  to  this  separation  of  dependence. 


It  is  such  saslsr  tc  sstlaat*  quantitatively  ths  sffeot  on 
ths  parameters  of  smell  sourcss  of  srror,  and  thsrsfors 
easier  to  estimate  ths  accuracy  of  ths  final  ro suits. 

e)  She  invariant  rsprsssntation  results  in  an  equivalent 
circuit  which  is  simpler  in  fora,  and  is  consequently 
easier  to  use.  This  is  especially  true  when  several 
networks  are  compounded  to  font  a  composite  network. 

The  measurement  methods  described  in  Part  II  are  such  as  to  result 
in  an  invariant  representation  and  to  lend  themselves  to  a  systematic  pro* 
cedure  which  obtains  the  final  parameter  values  to  within  the  precision  of 
the  data.  The  systematic  precision  procedure  used  for  lossless  structures 
is  the  tangent  relation  method  described  in  detail  in  the  above-mentioned 
final  Report.  for  lossy  structures  (slots  which  radiate),  the  tangent  re¬ 
lation  method  is  no  longer  satisfactory  and  a  different  method  haa  been 
devised.  It  is  applicable  both  to  purely  series  or  shunt  representations 
(such  as  that  for  a  thick  radiating  slot)  and  to  general  lossy  structures. 

The  latter  precision  method  is  not  included  in  the  present  report  but  will 
be  described  in  detail  in  a  separate  report  devoted  exclusively  to  precision 
measurements  of  dissipative  structures.  It  should  be  added  that  for  preci¬ 
sion  measurements  one  must  not  neglect  the  dis continual ty  produced  by  the 
end  of  the  slot  in  the  slotted  section.  X  calibration  procedure  that  takes 
this  into  account  for  lossless  structures  has  been  described  in  the  above- 
mentioned  final  Report.  When  lossy  structures  are  being  measured,  the  cor¬ 
rections  tc  he  applied  to  the  slotted  section  readings  are  different  from 
those  of  the  lossless  case.  A  method  is  given  in  Part  II  of  obtaining  the 
corrections  to  both  the  location  of  the  minimum  and  to  the  YSWt,  when  lossy 
structures  are  being  measured,  which  makes  use  of  the  calibration  curve 
directly  applicable  to  loisless  structures. 

is  mentioned  earlier,  the  theoretical  results  for  the  susceptancfls 
are  derived  from  variational  expressions.  These  are  of  the  ape'/ture  type, 
and  require  the  insertion  of  a  trial  electric  field  (in  the  aperture  region) 
into  the  variational  expression,  i  principal  virtue  of  variational  expres¬ 
sions  is  that  the  result  (here  a  susceptance)  is  stationary  about  the  correct 
field  choice.  In  addition,  since  the  trial  field  appears  in  both  the  numera¬ 
tor  and  denominator  of  the  variational  express lone,  one  need  not  know  the 
amplitude  of  the  trial  field,  but  only  its  form.  In  some  cases,  one  can 
formulate  a  maximum  or  a  minimum  principle  for  the  susceptance,  but  such  is 
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sot  available  horo  olneo  the  kernels  involved  are  not  post  tire  definite. 

It  Is  to  be  stressed  that  the  oae  of  Tariational  expressions  reduces  the 
calculation  procedure  to  that  of  integrations  rather  than  the  aelutlon  of 
integral  equations.  However,  the  integxatlons  involve  infinite  suns  which 
are  sloidy  convergent*  There  are  a  number  of  ways  to  deal  with  this  problen, 
including  that  of  transfoxning  the  tun  to  a  more  rapidly  convergent  one. 

Hone  methods  of  aecoapll thing  the  latter  have  been  given  in  the  final  Report 
mentioned  above*  An  alternative  proeednre,  that  of  approximating  the  guide 
Green's  function  (idilch  involves  the  Infinite  sums)  by  a  free  space  Green's 
function  (in  closed  form)  plus  corrections,  has  also  been  given  in  that 
final  Esport.  Zn  Jkrt  ZIZ  of  the  present  report  a  still  different  method 
is  presented  which  is  the  most  successful.  The  dyadic  guide  Green's  funo* 
tlon  is  first  put  into  the  form  of  a  dyadic  operator  operating  on  a  scalar 
function.  This  scalar  function,  an  infinite  double  eta,  is  separated  into 
a  sum  corresponding  to  what  is  obtained  for  a  wide  open  (capacitive)  slot, 
and  a  sum  over  the  remaining  hlgier  modes.  This  latter  sum  is  then  trans¬ 
formed  by  moons  of  a  Poisson  transformation  into  a  much  more  convergent  sum. 
As  a  result,  the  Green's  function  is  separated  into  components  in  such  a 
fashion  as  to  make  it  possible  to  eagpress  the  slot  susceptanoe  as  the  wide 
open  slot  result  plus  correction  terms.  Proof  that  this  latest  method  of 
procedure  is  very  successful  is  supplied  by  Part  IT,  where  the  experimental 
and  theoretical  resulte  are  compared,  and  where  it  ie  seen  that  the  agree¬ 
ment  is  excellent  over  wide  ranges  of  aperture  dimensions . 

Part  ▼  is  devoted  to  somewhat  different  considerations,  for  the 
radiating  slots  discussed  in  Parte  IZ  to  IT,  the  half  space  into  lfcich  they 
radiate  is  considered  simply  as  a  terminating  admittance,  without  regard  to 
the  proportion  behavior  in  the  half  space  itself.  Part  T  investigates  the 
half  space  Itself  in  terms  of  spherical  transmission  lines,  and  furthermore 
considers  the  coupling  of  the  half  space  to  the  rectangular  waveguide.  Evi¬ 
dently,  the  representation  of  the  half  space  becomes  comparatively  simple 
if  essentially  only  one  mode  must  be  considered.  A  transverse  radiating 
■lot,  which  tme  treated  in  Parte  II  to  XT  as  a  two  terminal  network,  is  con¬ 
sidered  as  a  four  terminal  network  from  this  viewpoint .  The  first  portion 
of  Part  T  is  concerned  with  how  well  and  under  what  conditions  a  half  space 
may  be  represented  by  a  single  spherical  transmission  line.  It  was  found 
that  the  radiation  pattern  in  the  half  space  produced  by  a  radiating  slot 
was  very  well  accounted  for  by  only  the  mode,  and  that  more  than  99  per¬ 
cent  of  the  power  radiated  was  carried  byAthis  mode.  The  equivalent  circuit 
parameters  of  the  four  terminal  structure  representing  the  slot  coupling 
element  between  the  end  of  a  rectangular  guide  and  a  half  space  have  been 
measured  and  theoretically  computed,  both  on  the  basis  of  the  ZL.  mode  only 
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in  the  half  space.  As  seen  in  Part  V,  the  agreement  is  good.  Also 
included  in  Part  7  are  sane  basic  properties  of  spherical  transmission 
lines.  The  study  of  spherical  lines  is  continuing  along  the  lines  of 
determining  the  behavior  of  various  transverse  and  longitudinal  discon¬ 
tinuities  in  the  half  space.  This  will  yield  information  on  the  effect  of 
neighboring  slots,  and  of  removing  the  infinite  baffle,  on  the  equivalent 
circuit  of  a  given  slot. 


B. _ Personnel 


The  members  of  the  "Slots"  program  now  include! 

Professional 


J.  Blass,  Research  Assistant  -  MBS 

L.  Felsen,  Research  Assistant  -  MBS 

E.  Kura8,  Research  Assistant  -  BEE 

A.A.  Oliner  ,  Research  Associate  -  Ph  D  (Supervisor) 

Technicians 


Mi 88  M.  Crowell,  Technician 
Mr 8.  R.  Haber,  Computress  -  BA 
Miss  R.  Hammond,  Technician 
Miss  F.  Okun,  Computress  -  BA 


Messrs.  J.  Blass  and  H.  Hurss  have  been  concerned  essentially  with 
the  theoretical  and  experimental  aspects,  respectively,  of  the  single  slot 
investigation.  Mr.  L.  Felsen  has  participated  in  the  experimental  portion 
of  the  single  slot  program,  but  has  lately  devoted  himself  to  the  spherical 
transmission  line  study  of  a  half  space.  In  the  writing  of  this  report, 
major  credit  should  be  given  to  J.  Blass  for  Part  III,  and  to  L.  Felsen  for 
Part  7. 


Although  Dr.  N.  Marcuvitz  is  not  included  in  the  list  of  peron- 
nel,  and  although  it  was  mentioned  earlier  that  he  initiated  the  investiga¬ 
tion,  it  should  be  stressed  here  that  he  is  responsible  directly  for  some  of 
the  work  described  in  this  report,  as  for  example,  the  variational  expres¬ 
sions  discussed  in  Fart  III. 
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ii.  Kjmun  ciacuit  npasPBATigg  aid  MugpgngKT  raocnrog 


A.  1  Plan*  Tea  Itructures 

1.  Iq  nival  ent  Cl  real  t  Representations 

A  sketch  of  the  structure  and  an  equivalent  circuit  representation 
for  it  at  centerline  reference  planes  are  shown  in  Figure  2.1. 
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EQUIVALENT  CIRCUIT 


Figure  2.1 


Since  the  considerations  are  restricted  to  symmetric  structures 
the  six-terminal  network  contains  only  four  independent  parameters.  The 
fourth  parameter  appears  as  Z  rather  than  in  susceptance  form  because  X  is 
a  small  quantity.  The  subscript  c  on  the  turns  ratio  signifies  centerline 
representation.  The  centerline  representation  corresponds  to  the  one  used 
for  the  theoretical  calculations  in  Part  III,  since  the  relations  between 
the  input  and  output  fields  are  valid  over  a  single  surface. 
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Tor  general  use,  as  vail  &•  for  aeasursment  purposes,  a  diffsrmnt 
representation  la  prefesable.  This  "invariant*  rapraaentatlon,  given  in 
figure  2.2,  baa  the  advantage  that  the  values  of  the  circuit  parameter* 
depend  solely  on  electrical  measurements  (independent  of  any  absolute 
diatance  measurements) ,  while  the  leaa  accurate  mechanical  meaaurementa  (or 
other  methoda  of  absolute  diatance  meaaurement)  affect  only  the  location  of 
the  reference  planea.  In  addition  the  circuit  ia  much  simpler  in  form.  The 


E  PLANE  TEE 


’INVARIANT"  EQUIVALENT  CIRCUIT 


figure  2.2 

four  Independent  parameters  for  the  X  plane  Tee  are  B,  n,  2Z ,  and  JQ ,  aa 
indicated  in  Figure  2.2.  A  corresponding  "invariant"  representation  for  a 
symmetric  lossless  four-terminal  network  was  given  in  final  Report, ^ 
R-193-^9.  BIB5I37 ,  Chap.  II,  Sec.  D,  2.  There,  the  circuit  consisted  of  a 
single  shunt  element,  whose  value  depended  only  upon  the  value  of  Tin  the 
measurement  procedure.  The  value  of  ¥  is  that  of  the  VSXR  produced  by  the 
structure  when  a  matched  load  is  placed  in  back  of  it,  and  is  thus  seen  to 
be  independent  of  any  reference  plane  locations.  The  reasons  for  the  "in¬ 
variant*  nature  of  the  parameters  B  and  n  of  figure  2.2  will  be  seen  when 
the  measurement  procedure  is  discussed. 
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Hereinafter  referred  to  as  "final  Report* . 
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Since  the  theoretical  calculations  are  aa&e  vith  the  reference 
planet  at  the  centerline,  vhlle  the  experimental  results  are  obtained  using 
the  "invariant*  representation,  it  is  necessary  to  hare  available  expressions 
relating  the  values  of  the  panunetere  of  one  representation  to  those  of  the 
other.  In  fable  2-1  the  values  of  the  parameters  at  the  centerline  repre¬ 
sentation  are  given  in  tens  of  the  parameter  values  of  the  invariant  repre¬ 
sentation,  uhlle  the  reverse  is  presented  in  fable  2-II.  these  expressions 
nay  he  obtained  in  various  vays .  the  relations  given  in  fable  2-1  are 
derived  in  the  Appendix  by  two  different  methods  in  order  to  illustrate  the 
possible  approaches  one  oan  employ,  the  representations  involved  in  fable 
2-1  were  chosen  simply  as  a  typical  example. 

ipunn 

TABU  2-1 

Parameters  of  the  Centerline  Representation  in  ferns  of 
those  of  the  Invariant  Representation 
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tabu  2-1 1 

Parameters  of  the  Invariant  Beprsssntatlon  In  Term  of 
those  of  the  Centerline  Bepresentation 
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/'i,  the  parameter. 


2.  Measurement  Method 

the  measurement  procedure  Is  based  upon  ths  representation  shown 
In  figure  2*2,  and  follows  the  practise  of  reducing  the  measurement  of  a 
2n-termlnal  structure  to  a  series  of  four-torainal  measurements* 


In  order  to  locate  the  reference  planes  TJ  and  t'  a  variable  short 
is  placed  at  and  adjusted  until  no  power  niters  the  lee  stub.  Under  this 
condition,  open  circuits  occur  at  T'  and  at  TJ ,  so  that  they  are  each  locat¬ 
ed  one  quarter  wavelength  from  the  plane  of  the  voltage  null  in  the  output 
and  input  guides,  respectively.  A  tuning  stub  is  placed  in  the  stub  arm 
and  adjusted  so  as  to  maximize  the  sensitivity  of  the  measurement.  Care 
must  be  taken  to  maintain  the  symmetry  of  the  curve  of  power  detected  in 
the  stub  guide  versus  position  of  the  variable  short  about  the  point  where 
no  power  enters  the  Tee  stub,  since  minima  are  located  by  obtaining  the 
average  position  between  equal  voltage  levels  on  each  side  of  the  minimum. 
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This  is  necessary  hsrs  even  though  the  minimum  point  is  sharp  (as  opposed 
to  the  minimal  of  a  standing  In  the  slotted  line)  because  of  possible 
backlash  in  the  variable  short.  Sines  the  structure  is  symetric,  Ti  and 
T'  are  symmetrically  disposed  with  respect  So  the  csnterline.  By  this 
method  of  measurement,  the  symmetry  plane,  or  centerline,  need  not  be 
located  mechanically.  The  actual  determination  of  2^,  the  distance  be¬ 
tween  Tj  and  T*  requires  a  measurement  of  the  length  of  the  section  of 
guide  containing  the  Tee  structure.  This  length  may  be  measured  mechanic¬ 
ally,  or  electrically  if  one  covers  up  the  slot  opening.  The  latter  has 
been  found  to  be  more  accurate. 


To  locate  the  reference  plane  TI,  one  first  places  a  short  circuit 
at  I* ,  and  inserts  a  variable  short  in  th»  stub  guide.  The  stub  guide  short 
is  then  adjusted  until  a  voltage  null  appears  at  T'  indicating  that  a  short 
circuit  must  then  also  be  present  at  TI.  The  actual  length  £'  it  then 
obtained  from  a  knowledge  of  the  length  of  the  stub  guide,  which  is  deter¬ 
mined  electrically  by  placing  the  stub  guide  at  the  end  of  a  slotted  section 
and  covering  up  the  slot  opening  (wi  h  silver  paint,  say,  if  it  is  small). 

It  should  be  noted  that  the  relative  locatipn  of  the  reference  planet  T>  , 

T'  ,  and  T*  do  not  involve  any  absolute  distance  measurements,  while  the 
parameters^  &  and  t 1  defining  their  absolute  location  do  require  their 
knowledge. 


The  retaining  circuit  parameters  can  be  determined  by  the  measure¬ 
ment  method  for  a  four-terminal  structure  described  in  the  Final  Bsport, 
Chap.  II,  Sec.  D.  k  four-terminal  wtructure  between  reference  planet  Tl  and 
T*  is  obtained  by  placing  a  fixed  termination  on  T*.  In  particular,  a  short 
circuit  at  T*  was  chosen.  The  resulting  equivalent  circuit  is  shown  in 
Figure  2.3. 


Figure  2.3 
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The  tangent  relation  measurement  technique  yield*  three  pa  reset  era, 
and  which  depend  upon  the  Input  and  output  terminal  planes,  respective¬ 
ly,  and  Y,  which  is  independent  of  them.  Zt  is  desired  that  the  circuit 
parameters  B  and  n  he  obtained  in  an  "invariant11  fashion,  i  .e . ,  independently 
of  any  absolute  distance  measurement.  The  location  of  T|  has  been  obtained 
in  an  invariant  Banner,  namely,  from  a  zero  power  measurement.  Therefore 
is  known  lnvarlantly,  and  Y  is  always  an  invariant,  being  equal  to  the  YSYR 
produced  by  the  structure  idien  a  matched  load  is  placed  behind  it.  The 
value  o.'  8  can  be  obtained  from  the  relation  between  these  parameters  that 
holds  when  the  network  is  a  shunt  one,  namely  (tee  final  Beport,  Chap.  Ill, 
Sec.  B,  1,  a): 

P  -  -</Y  (1.1) 

The  values  of  B  and  n  are  then  determined  from  the  values  of  A,  p,  and  Y 
according  to  relations  given  in  the  above-mentioned  section  of  the  final 
Beport.  It  is  stressed  that  these  values  of  B  and  n  do  no  depend  on  any 
absolute  distance  measurements. 

The  measurement  procedure  for  the  four -terminal  network  described 
above  also  yields  a  value  for  the  location  of  the  output  reference  plane  71, 
so  that  if  the  length  of  the  stub  guide  were  known,  £J  could  be  determined? 
Another  method  was  given  earlier  for  measuring  ji  1 ,  and  it  was  found  that 
the  methods  agreed  well.  Sensitivity  calculations  of  the  dependence  of  the 
parameters  B,  n,  and  on  the  various  sources  of  error  in  the  measurement 
procedure  are  given  in  Bart  IT,  and  are  used  to  determine  the  precision  of 
the  experimental  results. 

An  alternative  method  of  proceeding  in  an  "invariant"  fashion  is 
to  obtain  ot  and  p  relative  to  the  lnvarlantly  determined  T *  and  T*  (in  the 
manner  described  earlier),  and  to  use  the  already  invariant  "W ,  without 
imposing  the  restriction  for  a  shunt  circuit.  The  resulting  equivalent 
circuit,  however,  would  contain  a  series  element  which  would  be  non-zero  if 
any  error  occurred  in  the  measurements,  and  for  this  reason  was  not  employed. 

3.  Experimental  Techniques 

A  portion  of  the  experimental  program  consists  of  determining  the 
equivalent  circuit  parameters  for  slot-coupled  X  plane  Tees  as  a  function  of 
slot  dimensions.  Bather  than  use  different  coupling  elements  for  each  slot 
size,  the  seme  element  was  used  for  each  slot  width,  while  the  slot  length 
was  successively  increased.  The  first  method  used  to  change  the  slot  size 
was  tu  unsolder  the  stub  connection,  increase  the  size  of  the  slot,  and  then 
resolder  the  Tee  stub.  This  crude  method  was  abandoned  when  it  was  found 
that  the  parameter  values,  especially  that  of  Jt\  varied  with  the  particular 
resoldering.  Instead,  an  air  chuck,  a  simplified  drawing  of  which  appears 
in  Figure  2.4,  was  employed.  A  grooved  metal  plate  is  brazed  to  the  main 
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STUB  GUIDE 


Tigure  2,4 

section  of  the  Tee  in  a  manner  such  that  the  top  of  the  guide  Is  in  the  same 
plane  as  the  qsfper  surface  of  the  metal  plate.  The  slot  is  machined  in  the 
top  of  the  guide.  The  air  chuck  "B"  is  placed  over  the  slot,  and  is  proper- 
17  oriented  hy  means  of  a  pair  of  guide  pins.  A  section  of  maregulde  is  then 
continued  from  the  top  of  the  chuck,  Wiile  electrical  contact  at  the  slot  13 
maintained  hy  the  weight  of  the  air  chuck  unit  and  *he  vacuum.  It  is  then  a 
relatively  simple  matter  to  remove  the  Tee  section,  change  the  size  of  the 
aperture  ,  and  afterwards  replace  the  Tee  stub. 

Difficulties  arose,  however,  with  the  use  of  the  air  chuck  in 
connection  with  thin  slots  (sail  thickness  a  .010"),  where  the  top  wall  of 
the  guide  was  found  to  buckle  when  the  slot  was  enlarged  by  filing.  (In 
order  that  the  top  of  the  guide  be  in  the  same  plane  as  the  metal  plate,  it 
is  necessary  to  have  the  whole  top  of  the  guide  the  same  thickness  as  the 
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•lot  tail  itself,  at  least  ever  the  air  chock  region.)  The  procedure  finally 
adopted  for  thin  slots  was  to  construct  the  Tee  section  with  a  Tory  snail 
coupling  hole.  With  the  corjpling  aperture  sealed  hy  silver  paint  the  effec¬ 
tive  "electrical11  guide  lengths  are  readily  measured.  Slot  anlargsnents  are 
then  still  wads  hy  filing,  but  are  effected  vith  the  aid  of  a  steal  atmdrel 
which  fits  the  wain  guide  and  on  whose  top  face  are  allied  slots  of  the 
desired  sixes. 

The  air  uuuck  in  employed,  however,  for  the*  asasursaent  of  thick 
slots  since  there,  no  buckling  questions  arise.  The  physical  arrangement  is 
•lightly  different  froa  that  shown  in  figure  2.4,  and  figure  2.5  indicates 
the  actual  structure,  omitting  the  air  chuck  itself  since  it  is  the  same  as 
that  in  figure  2.4.  1  photograph  of  the  thick  slot  is  shown  in  figure  2.6, 
where  the  slot  thickness  has  been  reduced  to  the  point  where  eons  of  the 
construction  features  are  evident.  The  photograph  in  figure  2.7  illustrates 
the  arrangement  of  the  ecuipnent  for  t no  taking  of  data,  specifically  the 
aero  power  aeasurement  for  the  location  of  reference  planes  Tj  and  T^. 
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*igur«  2.6 
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FIGURE  2.7 


18 


4,  The  Rick  Slat 

The  thick  slot-coupled  I  jlane  Tee,  whose  physical  structure  is 
given  in  Figure  2*8,  nay  be  considered  as  a  whole  or  in  terns  of  its  compo¬ 
nent  parts.  Its  "invariant"  equivalent  circuit  representation,  when  con¬ 
sidered  as  a  "tdiole,  is  also  given  in  Figure  2-8.  The  measurement  procedure 
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INVARIANT  REPRESENTATION 


Figure  2.8 

used  to  obtain  the  parameters  of  this  network  is  identical  to  that  described 
for  thin  slots  in  Sec.  2.  The  component  parts  of  this  structure  are  an  E 
plane  Tee  junction  (with  no  slot),  joined  by  a  transmission  line  of  length  t, 
equal  to  the  slot  thickness,  to  a  change  of  cross-section  junction  in  the 
stub  guide.  If  one  knows  the  circuit  parameters  for  all  the  component  parts 
of  the  structure,  he  can  obtain  the  parameter  values  for  the  "invariant" 
representation  of  the  overall  structure.  Alternatively,  from  the  knowledge 
of  the  parameters  of  the  overall  structure  and  of  the  change  of  cross-section, 
one  can  obtain  the  parameters  for  the  E  plane  Tee  junction.  In  fact,  a 
check  on  the  measurement  i3  obtained  by  seeing  whether  or  not  these  latter 
parameters  are  independent  of  the  slot  thickness  t,  for  values  of  t  large 
enough  so  that  no  interaction  occurs  between  the  Tee  junction  and  the  chango 
of  cross-section  junction.  Both  of  these  methods  of  utilizing  the  data  are 
employed  in  Part  IY. 
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The  equivalent  circuit  for  the  change  in  guide  cross -section  le 
shown  in  Figure  2.9  (a)  (see  Final  Beport,  Chap.  7).  The  reference  plane 


CHANGE  OF  CROSS-SECTION  EQUIVALENT  CIRCUIT 


Figure  2.9  (a) 


shift  Sid  very  email,  and  is  usually  negligible.  The  turns  ratio  nt  (where 
the  t  stands  for  "transverse")  is  given  by» 
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a'b1 
a  b 


fiP.B 

1  -  (a'/a)2 


2 


(2.1) 


whore  a'  and  b1  are  the  smaller  guide  dimensions,  and  a  and  b  the  larger 
guide  dimensions.  The  value  of  susceptance  B .  .  is  to  a  good  approximation 
equal  to  .55  times  the  susceptance  value  B.  ora  thin  transverse  slot  with 
aperture  dimensions  equal  to  the  smaller  croes-3ection. 

The  equivalent  circuit  for  the  E  plane  Tee  junction,  at  centerline 
reference  planes,  is  givon  in  Figure  2.9  (b),  sad.  may  be  regarded  as  corres¬ 
ponding  to  an  infinitely  thick  slot.  The  parameter  values  are  distinguished 
from  those  in  the  slot-coupled  case  by  the  subscript  "j"  meaning  "junction1. 
Centerline  reference  planes  are  chosen  because  comparison  will  be  made 
between  the  theoretical  values  for  the  junction  above  and  for  the  thin  slot- 
coupled  E  plane  Tee,  where  the  stub  guide  dimensions  above  are  equal  to  the 
slot  dimensions.  The  length  of  transmission  line  represented  by  the  slot 
proper  has  a  propagation  constant  bf  related  to  its  dimensions  in  the  usual 
manner,  and  a  characteristic  admittance  giver,  by  /tofrA . 
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EQUIVALENT  CIRCUIT  AT 
E  PLANE  TEE  JUNCTION  CENTERLINE  REFERENCE  PLANES 


Figure  2.9  ("b) 


The  parameters  of  the  "invariant"  representation  for  the  overall 
structure  are  obtainable  from  a  knowledge  of  the  charge  of  cross -section 
circuit,  the  thickness  and  croBS-section  dimensions  of  the  slot,  and  the 
parameters  of  the  thin  slot-coupled  I  plane  Tee  of  identical  slot  dimensions. 
The  result  is  approximate  but  is  adequate  for  engineering  applications  as  is 
shown  in  Bart;  17.  The  parameters  for  the  ?■  plane  Tee  junction  of  Figure 
2.9  (b)  are  related  approximately  to  those  cf  the  slot  -coupled  I  plane  Tee 
by  the  following: 


Junction  Tee 


Slot- coupled  Tee 


\  -  S3 

nc  =  Jq  (*-b*/2) 


(P.2) 
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The  reasons  for  these  relatione  will  be  given  in  Rart  III.  It  is  there 
pointed  out  that  the  relations  above  apply  only  for  large  >  »5 ) » 

are  valid  for  arbitrary  3,  where  is  a '/a  and  3  is  b'/b.  The  reason  for 
the  restriction  in  range  of  aperture  dimensions  is  that  the  field  asstcip- 
tion  used  for  larged  is  not  valid  in  the  range  of  small  .  The  corres¬ 
ponding  relations  in  the  range  of  small  X  have  not  yet  been  determined. 

The  turns  ratio  n^  is  the  vulue  involved  in  the  change  of  cross-section 
network  of  Figure  2.9  (a),  and  the  expression  for  it  is  given  in  Equation 
(2.1).  The  8usceptance  B^  is  that  for  a  zero-thickness  transverse  slot  of 
identical  dimensions. 

Appropriate  relations  must  be  developed  in  order  to  obtain  the 
parameters  of  the  overall  network  from  those  of  the  composite  one.  Bather 
than  relate  directly  the  overall  network  at  invariant  reference  planes  to 
the  composite  network  at  centerline  reference  planes,  it  is  more  convenient 
to  first  transform  the  7.  plane  Tee  junction  network  to  invariant  reference 
plane 8  and  then  to  relate  the  overall  and  composite  networks.  The  E  plane 
Tee  junction  at  invariant  reference  planes  is  given  in  Figure  2.9(c),  and, 
as  seen,  the  parameters  are  B  ,  n,  ,  JL 1  .  ,  and  2^,»  The  turns  ratio  n 

is  not  equal  to  n  .  of  FigureJ2.9(j),  sinc(!  the  reference  plane  locations  J 
cj 


E  PLANE  TEE  JUNCTION  EQUIVALENT  CIRCUIT  AT 

INVARIANT  REFERENCE  PLANES 


Figure  2.9  (c) 
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1  PLANE  BEE  JUNCTICK 
TABU  2-T 

Paraaetera  of  the  Invariant  Bepreaentatlon  In  Tertia  of  Those  of 


The  Centerline  Representation 
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TABLE  2-VI 

Paraaetera  of  the  Centerline  Representation  In  Terms  of  Those  of 
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The  Invariant  Representation 
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B.  8  Plana  Badlatlng  Slots 

1.  Equivalent  Circuit  Represent at ions 

A  sketch  of  a  slot  radiating  frees  the  broad  face  of  rectangular 
guide,  and  an  equivalent  circuit  representation  for  it  at  centerline  refer¬ 
ence  planes  are  shown  in  Figure  2.11.  This  representation,  which  corresponds 
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RADIATING  SLOT  EQUIVALENT  NETWORK 


Figure  2.11 

to  that  of  a  symmetrical  lossy  four-terminal  structure,  is  most  suitable  for 
theoretical  calculations  (as  was  the  centerline  representation  for  the  X 
plane  Tee) .  However,  for  dissipative  structures  there  exist  a  variety  of 
"invariant"  representations,  the  choice  depending  on  the  particular  applica¬ 
tion.  A  useful  representation  is  the  one  given  in  Figure  2.12,  obtained 
from  the  centerline  representation  by  a  suitable  shift  of  reference  planes. 
This  particular  representation  was  chosen  because  as  the  loss  approaches 
zero,  the  representation  becomes  purely  series.  In  addition,  as  is  discussed 
later  under  thick  radiating  slots,  the  shunt  arms  vanish  for  the  thick  slots, 
resulting  again  in  a  purely  series  representation. 
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Figure  2.12 


The  values  of  the  parameters  of  the  centerline  representation 

in  terns  of  those  of  the  representation  of  Figure  2*12.  and  rise  versa, 

are  given  in  Tables  2-TIII  and  2-FII,  respectively.  Also  included  in 

the  Tables  are  limiting  values  for  some  of  the  parameters  for  small  0 

or  H  .  a 

a 
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8  PIAKE  BAJIATIBG  SLOT 
TABU  2-711 

Parameter*  of  the  Invariant  Bepreeentatlon  la  Tern*  of  Thoee  of 
The  Centerline  Representation 
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NCn:  Same  as  HOTI  I  of  Table  2-711. 
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2.  Measurement  Method 

As  mentioned  earlier,  an  "invariant"  measurement  method  is  one  in 
which  the  equivalent  circuit  parameters  are  detennined  independent  of  any 
absolute  distance  measurements,  i.e.,  where  the  latter  affect  only  the 
location  of  the  reference  planes.  There  are  two  ways  by  which  such  a  mea¬ 
surement  method  may  precede!  (a)  Some  invariant  method  is  used  to  obtain 
the  relative  location  of  the  reference  planes  for  the  invariant  representa¬ 
tion.  The  values  of  D  and  S  in  the  tangent  relation  procedure  are  them 
evaluated  at  these  reference  pianes.  (b)  The  data  is  so  treated  that  the 
parameters  are  evaluated  independently  of  D  and  S  .  Then  the  relative 
location  of  the  reference  planes  need  not  belmown.  rAn  example  of  the 
former  method  is  the  X  plane  Tee,  when  the  relative  location  of  reference 
planes  was  obtained  by  a  zero  power  measurement.  An  example  of  the  latter 
method  is  the  symmetrical,  lossless  four-terminal  network  where  the  invariant 
representation  involves  a  single  shunt  element  whose  susceptanca  depends  only 
on  Y,  and  is  therefore  independent  of  2Q  and  S  .  The  latter  quantities 
affect  the  reference  plane  locations. 

Work  is  now  progressing  on  a  satisfactory  method  for  determining 
in  an  invariant  fashion  the  parameters  of  a  general  lossy  four-terminal 
network,  and  in  particular  the  synnetric  one  representing  the  thin  radiating 
slot.  Such  a  method  has  already  been  devised  for  the  series  network  repre¬ 
senting  a  thick  radiating  slot,  and  will  be  described  in  the  section  on 
thick  slots.  For  the  thin  radiating  slot  it  has  therefore  been  necessary 
to  measure  the  parameters  at  the  centerline  representation  and  then  by  the 
relations  given  in  Table  2-VII  to  obtain  the  representation  of  Figure  2.12. 

The  problem  still  remains  of  how  to  obtain  the  final  parameter 
values  to  within  the  precision  of  the  data  for  a  lossy  structure.  The 
details  cf  the  tangent  relation  method  as  applied  to  a  lossless  structure 
have  been  given  in  the  Final  Report  mentioned  earlier.  Some  information 
was  given  in  the  Final  Report  concerning  the  application  of  the  tangent 
relation  method  to  lossy  structures  but,  as  mentioned  there,  the  procedure 
is  quite  involved  and  is  therefore  considered  unsatisfactory.  Further  work 
on  this  method  has  produced  certain  simplifications,  but  the  result  is  still 
far  from  satisfactory.  Several  other  methods  have  been  devised,  and  are 
now  being  tested,  so  that  they  will  not  be  reported  at  this  time.  It  has 
been  necessary  therefore,  for  the  while,  to  use  the  two-point  method  (for  a 
symmetric  structure)  in  determining  the  experimental  values  given  in  Part  IV. 
The  two-point  method  haB  been  described  in  the  Final  Report,  in  Chap.  II, 

Sec.  C. 

?.  Experimental  Techniques 

One  of  the  purposes  served  by  the  precision  experimental  results 
is  that  of  checking  the  accuracy  of  theoretical  calculations.  Since  the 
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theoretical  calculations  are  greatly  simplified  shen  the  slots  radiate  from 
the  guide  into  a  half-space,  the  experimental  arrangement  should  therefore 
he  such  as  to  approximate  a  half-space.  In  addition,  this  experimental 
arrangement  corresponds  to  many  physical  situations  of  Interest.  The  first 
results  sere  obtained  with  the  slots  described  in  Figure  2.4,  i.e.,  with  the 
grooved  metal  plate  attached,  but  without  the  addition  of  the  air  chuck.  In 
fact,  the  measurements  were  taken  immediately  after  the  X  plane  Tee  measure¬ 
ments,  before  the  slot  size  was  changed.  For  small  loss  (little  radiation) 
this  arrangement  is  probably  a  good  approximation  to  a  half -space. 

The  radiation  from  a  slot  in  the  top  of  the  guide  into  an  actual 
half -space  was  achieved  in  the  manner  indicated  in  the  sketch  of  Figure  2.13 
and  the  photograph  of  Figure  2.14.  As  seen,  the  guide  le  essentially  bent 
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around,  so  that  the  section  of  guide  containing  the  slot  is  vertical.  This 
is  necessary  since  the  "infinite"  conducting  plane  available  was  first  used 
in  connection  with  slots  radiating  froa  the  end  of  the  guide,  and  was  there¬ 
fore  placed  vertically.  Its  use  in  this  connection  has  been  described  in 
the  Final  Report,  Chap.  IV.  The  sections  containing  the  bends  are  nade 
with  mitered  corners  so  as  to  be  reflectionless  at  the  operating  frequency. 
The  design  dimensions  were  obtained  from  p.  133  of  "Microwave  Transmission 
Design  Data",  put  out  by  the  Sperry  Gyroscope  Co.  In  accordance  with  a 
diagram  given  there  on  p.  13^,  a  value  of  d  a  .325"  was  chosen  for  a  right 
angle  bend  in  a  .900"  by  .400*  guide,  operating  at  X  =  3*20  cms.  The  guide 
section  containing  the  slot  is  made  the  same  size  as  the  hole  in  the 
"infinite"  plane,  and  to  insure  continuity  of  surface  current  flow  on  the 
"infinite"  plane  strips  of  thin  (.002"  or  .003")  copper  are  placed  over  the 
contact  regions,  and  are  held  in  place  with  scotch  tape.  Figures  2.13  and 
2.14  show  the  application  to  a  thick  radiating  slot.  The  thick  slot  was 
investigated  as  a  function  cf  thickness,  while  maintaining  the  cross-section 
dimensions  constant.  This  was  achieved  by  successively  grinding  down  the 
surface  until  the  thicknesses  desired  were  obtained. 

It  will  be  recalled  that  slotted  section  measurements  are  always 
corrected  for  by  a  calibration  curve  that  accounts  for  the  presence  of  the 
slot  and  other  possible  discontinuity  effects  inherent  in  the  apparatus. 

The  details  of  this  calibration  procedure  have  been  given  in  the  Final 
Report,  Chap.  IV.  It  is  there  assumed  that  the  distance  to  voltage  minimum 
measurements  in  the  output  guide,  defined  by  the  distance  S,  were  as  indi¬ 
cated  by  the  variable  short  and  therefore  needed  no  correction.  However, 
as  seen  from  Figure  2*13  or  2.l4,  in  these  measurements  the  structure  to  be 
measured  is  not  followed,  directly  by  the  variable  short,  hut  one  of  the  bends 
appears  there  also.  In  addition,  the  other  of  the  bends  appears  between  the 
slotted  section  and  the  structure  to  be  measured,  thereby  invalidating  the 
calibration  cuxve  for  the  slotted  section  alone.  Therefore,  both  the  S 
readinge  and  the  D  readings  (distance  to  voltage  minimum  in  the  input  guide, 
i.e.,  slotted  section)  must  be  corrected.  The  calibration  procedure  is  the 
following. 
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First,  the  apparatus  is  arranged  as  in  Figure  2.15~(a) •  A  run  of 

PROBE 


Figure  2.15  (a) 

D  vs.  S  is  taken,  and  the  calibration  curve  of  -  (D  +•  3)  vs.  E  is  plotted. 
The  ordinate  of  this  curve  then  gives  the  correction  to  be  added  to  any 
subsequent  D  reading  obtained  when  some  structure  is  inserted  between  the 
variable  short  and  the  upper  bend,  in  order  to  obtain  the  correct  D  value. 
The  correction  curve  for  the  values  of  S  is  obtained  by  arranging  the 
equipment  as  in  Figure  2.15”(l0  • 


PROBE 


Figure  2.15  (b) 

The  calibration  procedure  now  corrects  for  the  presence  of  discontinuity 
effects  in  the  lower  bend.  A  run  of  D  vs.  S  is  taken,  and  the  D  values  are 
corrected  by  using  the  calibration  curve  obtained  from  the  arrangement  of 


Figure  2.15-(a).  The  ordinate  of  the  calibration  curve  of  -  (D  +  S)  vs.  S 
then  gives  the  correction  to  be  added  to  any  subsequent  S  reading  to  yield 
the  correct  S  value. 


The  above  calibration  procedure  is  valid  for  the  measurement  of 
lossless  structures,  since  the  calibration  techniques  involve  only  lossless 
components.  When  the  structure  to  be  measured  is  dissipative,  the  calibra¬ 
tion  curve  is  altered.  In  addition,  input  VSVR  measurements  are  necessary, 
and  tne  presence  of  the  discontinuities  inherent  in  the  measuring  equipment 
affects  somewhat  the  VSWR  values.  When  the  structure  to  be  measured  is 
dissipative,  the  calibration  curve  for  the  values  of  ^  S  is  the  one  valid 
for  the  lossless  case,  multiplied  by  the  factor  (ir  +  l/r2  -  1),  where  r 
is  the  measured  input  7SWH  corresponding  to  the  D  value  in  question.  It  is 
seen  that  for  large  VSWR  the  correction  is  negligible.  The  correction  to 
the  VSVR  is  obtained  also  from  the  calibration  curve  for  the  lossless  case. 
The  correction  to  be  added  to  the  VSVR  is  given  by  4rr  times  the  VSVR, 
multiplied  by  the  ordinate  (in  input  guide  wavelengths)  of  the  calibration 
curve  at  an  eigth- wavelength  preceding  the  corresponding  D  value.  The 
derivation  of  these  corrections,  together  with  a  discussion  on  the  use  of 
this  calibration  curve,  will  be  given  in  a  report  to  be  issued  soon. 

4.  The  Thick  Radiating  Slot 


The  thick  radiating  slot  may  be  represented  by  a  purely  series 
equivalent  circuit  (shown  in  Figure  2.16),  rather  than  the  one  containing 
resistive  shunt  arms  representing  the  thin  radiating  slot.  One  can  consider 
the  t.dck  slot  as  being  composed  of  an  E  plane  Tee  junction  coupling  to  a 


Figure  2.l6 
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■action  of  transmission  line  of  length  t,  equal  to  the  slot  thickness,  and 
terminated  by  a  two-terminal  radiating  network.  Vhen  the  X  plane  Tee 
junction  is  represented  by  the  "invariant*  network  of  Pigure  2.9~(c),  it  Is 
clear  that  the  overall  network  for  the  thick  radiating  slot  can  he  of  the 
form  of  Pigure  2.16,  where  the  is  the  same  as  that  for  a  thick  S -plane 
Tee  structure  of  identical  slot  dimensions.  Vhen  the  slot  thickness  t 
becomes  so  small  that  interaction  occurs  between  the  higher  modes  excited 
by  the  radiating  junction  and  the  Tee  Junction  in  the  guide,  then  the  purely 
series  representation  is  no  longer  valid,  and  resistive  shunt  arms  appear 
in  the  equivalent  circuit,  as  in  the  thin  slot  case. 

The  measurement  method  for  the  thick  radiating  slot  is  based  on 
the  representation  of  Figure  2.16.  As  in  all  the  other  measurement  methods, 
data  is  taken  of  the  input  VSVR  and  location  of  minimum,  for  a  series  of 
output  reactances,  obtained  by  varying  the  location  of  the  short  circuit  in 
a  variable  short.  A  plot  of  the  resulting  reciprocal  VSVR  vs.  S,  the 
loaatlon  of  the  output  short  circuit,  is  of  the  form  shown  in  Pigure  2*17* 


Pigure  2.I7 

It  is  first  recognized  that  when  the  input  VSVR  is  a  minimum,  the  input 
impedance  is  purely  real.  (This  may  be  seen  from  a  constant  resistance 
curve  In  the  reflection  coefficient  plane.  The  constant  resistance  curve 
is  applicable  since  the  output  is  always  purely  reactive.)  Prom  the 
reciprocal  VSVR  curve,  it  is  seen  that  the  minimum  VSVR  occurs  at  S  =  S^. 

For  a  fixed  in  the  output  guids,  a  purely  resistive  impedance  Is 
obtained  at  voltage  maxima  and  voltage  minima  in  the  input  guide.  Therefore, 
the  relative  location  of  the  input  reference  plane  T'  is  given  either  by 
the  input  minimum  location  D.  corresponding  to  S^,  or  by  D  +  l/U  (where  D 
and  S  are  given  in  units  of  guide  wavelength).  iThe  terra  “relative*  is 
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used  because  the  location  is  known  relative  to  some  fixed  point,  namely  the 
end  cf  the  physical  structure,  but  not  relative  to  the  symmetry  plane  of 
the  structure.  The  latter  requires  an  absolute  distance  measurement,  i.e. 
the  overall  length  of  the  structure.  D.  corresponding  to  may  be  obtained 
from  a  plot  of  D  vs.  S.  At  input  reference  plane  T’  ,  the  value  of  input 
resistance  is  constant  independent  of  S  (which  corresponds  to  a  pure 
reactance).  Therefore,  one  can  obtain  T'  by  calculating  the  input  resis¬ 
tance  corresponding  to  two  different  values  of  S,  at  D  and  at  D  +  l/4, 
and  noting  for  which  location  the  input  resistance  is  constant.  1However, 
it  is  simpler  to  determine  whether  T£  is  at  or  +  l/4  by  refei-ing  to 
the  value  of  D  corresponding  to  S^.  since  an  open  circuit  placed  a‘  T* 
results  in  an  infinite  input  VSWR7  T'  1b  located  as  being  a  quarter  wave¬ 
length  from  the  value  of  D  corresponding  to  S  (see  Figure  2.I7).  However, 
since  the  value  of  S  is  cot  accurately  deterfflinable  from  Figure  2.17i  this 
procedure  is  not  used  to  determine  the  exact  location  of  T*  ,  but  rather  to 
determine  whether  T'  occurs  at  D.  or  D  +  l/4.  The  value  of  E  in  the 
equivalent  circuit  ib  obtained  from  r.7  the  minimum  value  of  V3WR,  or  l/r.  , 
depending  on  the  location  of  T'.  If  TT'  is  at  D  ,  then  R  =  l/r.  ;  while 
if  T1  is  at  D  ♦  l/4,  R  =  r  .  ^This  is  so  since  AR  is  a  minimum  when  the 
voltage  is  a  minimum. 

At  S  ,  in  Figure  2.17,  the  VSWR  is  infinite,  indicating  an  open 
circuit  at  T', and  therefore  one  at  T'  (from  the  purely  series  nature  of  the 
equivalent  circuit).  Hence,  the  reading  of  S  corresponds  to  T'  +  l/4. 

This  method  of  obtaining  the  relative  location  of  the  output  reference  plane 
is  not  as  accurate,  however,  as  the  location  of  T»  ,  since  the  data  is 
inaccurate  for  very  high  VSWR* s.  Therefore,  Bince  the  structure  :’.s  symmetric, 
a  more  accurate  value  of  T'  is  obtained  by  reversing  the  section  and  re¬ 
peating  the  measurements.  ‘‘This  is  valid  since  the  location  relative  to  the 
physical  end  of  the  structure  is  involved.  In  this  way  one  also  obtains  a 
check  on  the  values  of  E  and  X.  The  value  of  X  iB  determinable  in  two  ways, 
once  T'  is  located.  First,  the  value  of  X  is  equal  to  the  input  reactance 
at  TJ  corresponding  to  a  short  circuit  at  T* .  Or  else,  one  may  obtain  the 
amount  S  is  changed  in  going  from  the  short  circuit  position,  S  +  l/4,  to 
the  position  for  resonance,  S. .  X  is  then  given  by  tan  2it  (shirt  in  S) . 

Since  the  values  of  R  and  X  are  determined  independent  of  any  absolute 
distance  measurement,  the  representation  is  seen  to  be  "invariant" 

To  determine  the  actual  value  of  2 £/,  however,  it  is  necessary  to 
measure  the  overall  length  of  the  section  containing  the  structure.  The 
value  of  2Z  is  then  given  by  the  difference  between  the  overall  length  and 
the  sun  of  the  distances  between  and  T'  and  the  respective  physical  ends 
of  the  structure. 
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■  sctloo  of  transmission  line  of  length  t,  equal  to  the  slot  thiclmess,  and 
terminated  by  a  two-terminal  radiating  network.  When  the  I  plane  Tee 
junction  is  represented  by  the  "invariant"  network  of  Figure  2.9“(c),  it  is 
clear  that  the  overall  network  for  the  thick  radiating  slot  can  he  of  the 
forn  of  Figure  2.16,  where  the  is  the  same  as  that  for  a  thick  X^plane 
Tee  structure  of  identical  slot  dimensions.  Vhen  the  slot  thickness  t 
becomes  so  small  that  interaction  occurs  between  the  higher  modes  excited 
by  the  radiating  junction  and  the  Tee  junction  in  the  guide,  then  the  purely 
series  representation  is  no  longer  valid,  and  resistive  shunt  arms  appear 
in  the  equivalent  circuit,  as  in  the  thin  slot  case. 

The  measurement  method  for  the  thick  radiating  slot  1s  baaed  on 
the  representation  of  Figure  2.l6.  As  in  all  the  other  measurement  methods, 
data  is  taken  of  the  ipput  VSWR  and  location  of  minimum,  for  a  aeries  of 
output  reactances,  obtained  by  varying  the  location  of  the  short  circuit  in 
a  variable  short.  A  plot  of  the  resulting  reciprocal  VS  TO.  vs.  S,  the 
loaatlon  of  the  output  short  clrc  dt,  is  of  the  form  shown  in  Figure  2*17* 


Figure  2.17 

It  le  first  recognized  that  when  the  input  VSWR  is  a  minimum,  the  input 
impedance  is  purely  real.  (This  may  be  seen  from  a  constant  resistance 
curve  in  the  reflection  coefficient  plane.  The  constant  resistance  curve 
is  applicable  since  the  output  is  always  purely  reactive.)  From  the 
reciprocal  VSKR  curve,  it  is  seen  that  the  minimum  7SVR  occurs  at  S  a  S^. 

For  a  fixed  in  the  output  guide,  a  purely  resistive  impedance  is 
obtained  at  voltage  maxima  and  voltage  minima  in  the  input  guide.  Therefore, 
the  relative  location  of  the  input  reference  plane  T*  is  given  either  by 
the  input  minimum  location  D.  corresponding  to  S^,  or  by  T.  +  l/U  (where  D 
and  S  are  given  in  units  of  guide  wavelength).  The  terii.-  "relative"  is 
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used  "because  the  location  is  known  relative  to  some  fixed  point,  namely  the 
end  of  the  physical  structure,  "but  not  relative  to  the  symmetry  plane  of 
the  structure.  The  latter  requires  an  absolute  distance  measurement,  i.e. 
the  overall  length  of  the  structure.  D.  corresponding  to  may  be  obtained 
from  a  plot  of  D  vs.  S.  At  input  reference  plane  T'  ,  the  value  of  input 
resistance  is  constant  independent  of  S  (which  corresponds  to  a  pure 
reactance).  Therefore,  one  can  obtain  T'  by  calculating  the  input  resis¬ 
tance  corresponding  to  two  different  values  of  S,  at  D  and  at  +  l/4, 
and  noting  for  which  location  the  input  resistance  is  constant.  1Howr/ver, 
it  is  simpler  to  determine  whether  T|  is  at  or  I  +  l/4  by  referring  to 
the  value  of  D  corresponding  to  S_<.  iSince  an  open  circuit  placed  at  T' 
results  in  an  infinite  input  VSVffif  T'  is  located  as  being  a  quarter  wave¬ 
length  from  the  value  of  D  corresponding  to  S  (see  Figure  2.17) •  However, 
since  the  value  of  S  is  not  accurately  deterfflinable  from  Figure  2.17 ,  this 
procedure  is  not  used  to  determine  the  exact  location  of  T'  ,  but  rather  to 
determine  whether  T'  occurs  at  D.  or  D  +  l/4.  The  value  of  R  in  the 
equivalent  circuit  is  obtained  from  r«7  the  minimum  value  of  VSVR,  or  l/r.  , 
depending  on  the  location  of  Tj .  If  1T'  is  at  D.  ,  then  R  =  l/r. ;  while 
if  T'  is  at  D  +  l/4,  R  =  r  .  ^This  is  so  since  XR  is  a  minimum  when  the 
voltage  is  a  minimum. 


At  S  ,  in  Figure  2.17,  the  VSWR  is  infinite,  indicating  an  open 
circuit  at  T' ,  and  therefore  one  at  T’  (from  the  purely  series  nature  of  the 
equivalent  circuit).  Hence,  the  reading  of  S  corresponds  to  T'  +  l/4. 

This  method  of  obtaining  the  relative  location  of  the  output  reference  plane 
is  not  as  accurate,  however,  as  the  location  of  TJ  ,  since  the  data  is 
inaccurate  for  very  high^SWR's.  Therefore,  since  the  structure  :’.s  synsnetric, 
a  more  accurate  value  of  T'  is  obtained  by  reversing  the  section  and  re¬ 
peating  the  measurements.  “^This  is  valid  since  the  location  relative  to  the 
physical  end  of  the  structure  is  involved.  In  this  way  one  also  obtains  a 
check  on  the  values  of  R  and  X.  The  value  of  X  is  determinable  in  two  ways, 


once  T'  is  located.  First,  the  value  of  X  is  equal  to  the  input  reactance 
at  T’  corresponding  to  a  short  circuit  at  T' .  Or  else,  one  may  obtain  the 
amount  S  is  changed  in  going  from  the  short  circuit  position,  S  +  l/4,  to 
the  position  for  resonance,  S..  X  is  then  given  by  tan  2it  (shirt  in  S) . 
Since  the  values  of  R  and  X  are  determined  independent  of  any  absolute 


distance  measurement,  the  representation  is  seen  to  be  "invariant" 


To  determine  the  actual  value  of  2X/,  however,  it  is  necessary  to 
measure  the  overall  length  of  the  section  containing  the  structure.  The 
value  of  2£  is  then  given  by  the  difference  between  the  overall  length  and 
the  sum  of  the  distances  between  T|  and  T'  and  the  respective  physical  ends 
of  the  structure. 
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The  above  described  method  yields  only  the  first  approximation 
values  for  the  parameters  R  and  X,  and  the  reference  plane  locations,  T' 
and  T* .  A  correction  procedure  to  determine  these  values  to  within  the1 
precision  of  the  data  has  been  devised,  but  it  will  be  presented  in  a 
later  report  on  precision  dissipative  measurements. 

As  mentioned  previously,  the  thick  radiating  slot  may  be  consider¬ 
ed  as  a  whole,  for  which  the  invariant  representation  is  given  in  Figure  2.16, 
or  in  terms  of  its  component  parts,  resulting  in  a  composite  representation. 
This  composite  representation  consists  of  the  X  plane  Tee  junction  described 
in  Figure  2.9-(c)»  connected  to  a  length  of  transmission  line  equal  to  the 
slot  thickness  t  terminated  by  a  two-terminal  network  representing  the 
junction  between  the  slot  guide  proper  and  a  half  space.  This  two-terminal 
network  is  shown  in  Figure  2.18.  From  a  knowledge  ef  the  parameters  of 


I 

T 
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Figure  2.18 

the  networks  of  Figures  2.18  and  2.9~(c),  and  from  the  slot  dimensions,  one 
can  obtain  the  parameters  for  the  invariant  overall  network  of  Figure  2.l6. 
The  expressions  involved  are  listed  in  two  different  ways  in  Table  2-IX. 

Alternatively,  the  parameters  of  the  two-terminal  radiating 
network  (a  transverse  radiating  j’metien)  may  be  obtained  from  the  overall 
invariant  network  and  the  in  'riant  representation  for  the  E  plane  Tee 
junction.  The  method  of  determining  the  latter  is  described  in  Sec.  A,  4) 
of  this  Part.  The  resulting  composite  network  for  the  thick  radiating  slot 
is  given  in  Figure  2.19 •  while  the  overall  invariant  network  is  that  in 
Figure  2.l6.  Applying  a  short  circuit  bisection  to  each  network  and 
equating  input  admittances  at  T|,  one  obtains  the  required  relations,  which 
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Note  that  the  parameters  of  the  transverse  radiating  junction  are  normalized 
In  Table  2-X  to  the  characteristic  admittance  of  the  main  guide  and  not  the 
slot  guide. 


i 

I 
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THICK  E  PUNE  RADIATING  SLOT 
TABLE  2-IX 

Jaraaeterg  of  the  Thick  Badlatlng  Slot  In  Terns 
Those  of  Its  Component  Parts 

(~)2  (-Ll)2  (1  +  tan2  ‘  t») 
n.  T  Y 


tar*)2  +  (y-^)2  tan1-  t' 

o  o 

Y'  G» 

(~)2  - 

h  li  v  ;To 

To  nj  ro  (y2)2  ♦  (^)2  ton2  to'  t' 

0  o 


tan  •*'  t' 
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3. 


2b. 


2^tk  =  2  ^  j 
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.  X=  - 


tk 


4 * 4 


sen:  (otk  jS=  i.  fc 

THICK  E  PLATE  RADIATING  SLOT 
TABLE  2-X 

Parameters  of  the  Transverse  Radiating  Junction  in  Tema  of  Those  of 
The  Thick  Badiating  Slot  and  The  Conooslte  Representation 
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C.  Transverse  Radiating  Slots 

The  cate  of  radiation  from  thin  transverse  slots  at  the  end  of 
rectangular  waveguide  has  been  discussed  in  the  above  mentioned  final  Repoit , 
in  Chaps .  IV  and  7.  In  these  chapters  the  measurement  method  for  determin¬ 
ing  the  parameters  of  the  tuo- terminal  network  representing  the  thin  slot 
it  given,  including  the  method  of  attaching  the  slot  to  an  "infinite’  baffle 
to  Insure  radiation  into  a  half  spacj.  The  vacuum  chuck  used  to  achieve 
the  latter  is  described  in  detail.  In  Chap.  7,  the  experimental  results 
are  given. 


In  this  report,  the  case  of  thick  radiating  transverse  slots  is 
considered.  The  physical  structure  of  these  slots  is  shown  in  figure  2*20. 
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The  network  equivalent  may  be  considered  as  a  lossy  twe-terminal  circuit 
Y  ..  for  the  overall  structure  at  reference  plane  T^,  or  in  one  of  the  com¬ 
posite  forms  given  in  Figure  2.2l« 


COMPOSITE  EQUIVALENT  NETWORK  FOR 
THE  THICK  TRANSVERSE  RADIATING  SLOT 


Figure  2.21 

The  difference  between  the  two  circuits  is  that  in  (b)  the  transformer  of 
(a)  has  been  eliminated.  This  requires  that  the  characteristic  admittance 
Y }0  ana  terminal  admittance  Y^ .  of  (a)  be  multiplied  by  the  factor  l/n^  (n. 
is  the  transformer  turns  ratio)  in  order  to  obtain  the  correct  corresponding 
values  of  (b) . 


The  discussion  below  is  based  on  the  simpler  network  (b)  of 
Figure  2.21,  which  is  seen  to  consist  of  the  following  components:  l)  the 
susceptance  B  introduced  by  the  change  in  cross-section  at  terminal  plane 
T  ;  2)  a  transmission  line  o^  length  t,  characteristic  admittance  , 
and  propagation^constant  1  representing  the  slot  proper^  and  3)  a  terminat¬ 
ing  admittance  Y  ..  which  accounts  for  all  effects  to  the  right  of  terminal 
plane  T  .  As  mentioned  above,  the  transformer  with  turns  ratio  n*,  which 
appears  “^between  terminal  planes  to  the  right  of  B.  .  in  the  equivalent 
circuit  for  the  change  in  cross-section  at  (cf.  Final  Report,  Chap.  VI, 
Sec.  3),  lias  been  removed  to  the  right  so  that  the  characteristic  admit¬ 
tance  for  the  slot  guide  relative  to  that  of  the  main  guide  is  given  byi 
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(2.4) 


44 


The  susceptance  B  ./T  is  approximately  equal  to  one-half  the  relative 
•uaceptance  of  a  thin  aperture  coupling  tvo  identical  guides.  Hover er,  it 
was  found  experimentally  from  precision  measurements  on  thick  transverse 
slots  vithin  rectangular  vavegulde  that  the  effect  of  change  in  cross-section 
is  more  closely  equal  to  .55*  (susceptance  of  thin  slot),  for  t  >.l*  (see 
Final  Beport  Chap.  7,  Sec.  A,  3.  The  reference  plane  shift  %  discussed  in 
this  section  is  considered  negligibly  small.). 


The  purpose  of  the  measurements  on  these  thick  radiating  slots  is 

to  check  experimentally  the  validity  of  the  equivalent  circuits  of  Figure 

2.21,  and  to  obtain  an  experimental  value  for  the  junction  between  the 

"intervening"  slot  guide  and  a  half  space,  i.e.  for'Y  JY  .  If  the  thick 

slot  can  indeed  be  represented  by  a  single  mode  transmission  line  of  length 

t  connecting  the  terminal  admittance  T  .  with  the  main  guide,  then,  for  a 

given  cross-section,  ¥\  should  be  constant  for  all  t  provided  that  t  is 

large  enough  to  permit  niftier  mode  interaction  effects  to  be  neglected. 

This  requirement  of  constancy  for  ?  .  constitutes  a  very  severe  check  not 

only  of  the  parameters  B.  and  1  ,  rat  also  of  the  experimented  measurements 

which  yield  the  input  admlttance°Y  .  ^  at  terminal  plane  T^  (Figure  2.21), 

from  which  ¥  .  is  computed.  Thus, *a  reasonable  check  of  Athe  validity  of 

the  network  flcture  for  a  thick  slot  as  gi^en  in  Figure  2.21  may  be  taken 

to  exist  as  long  as  the  computed  value  of  Y  .  deviates  from  a  constant 

value  vithin  the  limits  of  experimental  accuracy  and  the  tolerances  on  the 

pertinent  parameters.  The  measured  data  of  the  input  admittance  Y  .  ,^/Y  is 

utilized  in  another  wajr  to  check  the  network  picture  of  Figure  2*21.  The 

theoretical  values  of  T  ./ Y  ,  ¥ /l  and  B.  ./¥  are  used  in  the  equivalent 

circuit  and  computed  vafttesof  T° .  j^Y  are  obtained  which  are  then  conpared 

to  the  measured  values.  Such  a  conparison  for  various  values  of  thickness 

ie  given  in  Part  17.  One  notes  tha£  the  latter  check  on  the  network  picture 

requires  the  theoretical  value  for  Y  ,/ Y  .  while  the  former  does  not. 

rj  0 

For  a  given  thickness  t,  the  relative  input  admittance  Y  .  ^/Y^ 
the  thick  slot  is  computed  from  experimental  measurements  in  the  manner 
indicated  in  the  Final  Report,  Eqs.  ($•'*) .  From  a  knowledge  of  Y  .^/Y  the 
terminal  admittance  ¥  ,/Y  is  determined  as  follows,  making  use  of  standard 
transmission  line  relationships: 
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3  ./ Y  ,  one  obtains*, 
rj  o 


If  Equation  (2.5 a)  is  written  explicitly  in  terms  of  G  ./Y  and 
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If  the  slot  is  beyond  cutoff,  then 


Y 


A/ 

Y 


=  -  j  I  a? !  ;  —  =  -  j  i  —  I  ;  cot  =  -  j  coth  (><•  |t  (2.6) 


so  that  for  large  thicknesses,  coth  |t  =fl.  In  that  case,  Equation  (2.5a) 
becomes  indeterminate,  and  if  one  solves  it  for  Y  ^  it  is  seen  that  it  is 
independent  of  I_4,  i.e.:  ’ 
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Y  ..  B  Y 

rtk  _tj  _o 

Y  “  J  Y  Y 
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(2.7) 


and  one  cannot  solv  uniquely  for  Y  .  from  a  knowledge  of  Y  Equation 
(2.7)  expresses  the  fact  that  the  input  admittance  to  a  beyond  cutoff  slot 
for  which  >^'t  y'J  1  is  independent  of  the  terminating  admittance  Yyj. 
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The  value  of  T  .  ,  for  the  overall  thick  slot,  is  obtainable 
from  the  composite  netvoFr  of  rigor#  2.2l-(b)  if  one  knave  the  theoretical 
values  for  I  the  junction  to  the  half  space,  and  B  the  change  In 
cross-section.  The  value  to  choose  for  B  has  been  aiscussed  above,  and 
the  value  for  T  .  nay  be  obtained  in  the  fallowing  manner.  £  ./ T  is  to 
be  taken  equal  lo  G^Y  ,  the  conductance  jjf  a  thin  radiating  Jiotof 


identical  dimensions  (see  Figure  2.22)*  B  ,  is  given  by 

rj 
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becomes  B  for  zero 


which  follows  from  Equation  (2.5c)  for  t  =  Q  (B  , 
thickness) .  The  expression  relating  T  ..  to  tk?  other  parameters  1st 
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THIN  RADIATING  SLOT  RADIATING  JUNCTION 


Figure  2.22 
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Although  the  experimental  procedure  for  measuring  the  admittance 
of  thick  apertures  radiating  into  a  half  Bpace  from  the  end  of  a  guide  is 
identical  with  that  followed  in  measurements  on  thin  slots,  a  modified 
method  has  to  be  employed  for  holding  the  thick  apertures  to  the  end  of  the 
guide.  For  this  purpose,  two  separate  vacuum  chucks  were  constructed: 
chuck  A  bolted  to  the  infinite  plane,  which  holds  in  place  a  .005*  brass 
sheet  that  provides  electrical  contact  between  the  far  side  of  the  aperture 
and  the  infinite  plane;  and  chuck  B,  mounted  to  the  end  of  the  slotted 
section,  which  makes  good  contact  with  the  near  side  of  the  aperture  (see 
Figure  2.23)  •  As  in  the  cuse  of  thin  slots  the  vacuum  chucks  eliminate  the 
need  for  screws  in  the  mounting  of  tho  apertures.  The  two  separate  chucks 
are  better  suited  for  this  type  of  measurement  than  the  single  composite 
vacuum  chuck  used  with  thin  slots  since  they  can  be  adapted  to  apertures  of 
different  thicknesses. 


Figure  2.23 
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AfflHDH;  Transformations  between  Iqul valent  Hepresentatlona 

(H.  Karat) 


Two  technique!  for  obtaining  the  transformations  between  equiva¬ 
lent  representations  are  discussed  here. 

The  classical  approach  corslets  of  first  appending  transmission 
lines  to  the  terminals  so  as  to  obtain  two  equivalent  networks  at  the  same 
set  of  reference  planes.  The  various  transformations  are  then  obtained 
upon  equating  corresponding  Input  admittances  or  Voltages  when  the  corres¬ 
ponding  terminals  of  the  two  networks  are  terminated  In  the  same  but 
arbitrary  admittances.  A  Judicious  choice  of  these  terminations  will 
greatly  reduce  the  labor  Involved  and  simplify  the  resulting  relations. 

This  method  of  "special  terminations*  Is  often  accessible  to  further 
simplification  throu^i  use  of  the  bisection  theorems. 

The  alternative  approach  Is  based  upon  the  method  for  obtaining 
the  parameters  of  a  quadrupole  at  a  shifted  set  of  reference  planes  by 
means  of  certain  shifting  formulae  ldhich  have  been  discussed  In  the  Final 
Report,  Chap.  Ill,  Sec.  A.  These  shifting  formulae  may  be  more  compactly 
given  in  matrix  form  as  will  be  shewn  in  a  future  report.  The  original 
multipole  networks  can  be  reduced  to  quadrupoles  by  recourse  to  the  bi¬ 
section  theorems  or  "special  terminations"  described  above. 

The  method  based  upon  the  quadrupole)  shifting  formulae  Is  the 
more  routine  of  the  two  methods,  and  results  In  a  completely  ejq?licit  set 
of  transformation  formulas.  However  the  "special  terminations"  technique 
generally  involves  much  less  work  ldien  properly  applied,  and  is  capable  of 
yielding  a  semi-explicit  set  of  transformation  formulae  which  are  simpler 
In  form  than  the  completely  explicit  set. 

From  the  Infinity  of  possible  representations  there  can  be 
isolated  a  finite  number  of  preferred  representations  to  which  all  repre¬ 
sentations  of  the  structure  can  be  reduced  by  reference  plane  shift.  The 
two  preferred  representations  chosen  for  this  report  are  the  so-called 
"centerline"  and  "invariant*  representations.  Vhen  the  impedance  parameters 
are  derived  from  the  field  equations  together  with  the  boundary  conditions 
Imposed  by  the  physical  structure,  the  reference  planes  are  most  naturally 
located  at  the  discontinuity  surfaces  or  the  centerline  planes*  so  that  the 
"centerline"  representation  Is  best  suited  for  theoretical  purposes.  The 
"invariant"  representation  Is  particularly  of  value  when  the  parameters  are 
to  be  obtained  from  a  set  of  experimental  data.  The  reasons  for  the  latter 
statement  are  given  In  Fart  I,  and  also  elsewhere  In  Fart  ZZ. 
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A  typical  transformation  is  to  be  derived  in  detail  by  both 
methods  to  illustrate  their  main  features.  The  transformation  chosen 
relates  the  parsmeters  of  the  1  plane  Tee  centerline  representation  to 
those  of  the-  corresponding  invariant  representation,  and  is  given  belov. 

Derivation  of  the  transformation  equations  relating  the  para¬ 
meters  of  the  invariant  representation  to  those  of  the  centerline  represen¬ 
tation  for  the  £  plane  Tee. 


Figure  1 


t* 

(C) 


Figure  l-(a)  shovB  the  physical  structure  of  the  slot-coupled  £ 
plane  Tee  together  with  the  location  of  the  reference  planes  for  both  the 
centerline  representation  (unprimed)  and  the  invariant  representation 
(primed).  The  centerline  representation  is  given  in  (c),  vihile  in  (b) 


length*  of  llxi*  bar*  been  added  to  th*  lnra  riant  representation  so  that  the 
outer  reference  plane  becoae  those  of  the  centerline  representation,  per* 
sitting  tho  equivalence  indicated. 


Method  Z. 


sial  leminatlor 


An  open  circuit  bisection  applied  t<  figures  1— ( b)  and  l~(c) 
yield*  the  equivalence  ehovn  in  figure  2,  so  ti\at 


B  /l 

a  o 


—  tan 


figure  2 

A  short  circuit  hleectlon  result*  in  the  equiTalenee  shown  in 

figure  3» 


figure  3 
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(6) 


V,  a  n  ¥ ,  =  V,  cos  xi?  n  cos  XjC 
1  c  3  3 


_  tan  \  *  „ 

2 - ^ )  tan  x 

n  _ 


or 


n 

-£ 

n 


tan  Tt-C  "i  cos  a e-£  cos  'X-  ^  1 


(7) 


lae  transformation  relations  are  then  given  by  Equations  (l),  (3), 
%*?3i  (7;»  from  which  the  parameters  of  the  centerline  representation  are 

obtainable  from  those  of  the  invariant  representation. 


b)  Method  II.  Use  of  the  Q.uadrupole  Shifting  Formulae: 

When  a  reactance  of  -i.  is  placed  at  I,  of  Figures  l-(b)  and  (c), 

the  equivalence  shown  in  Figure  4  is  obtained.  ^The  magnitude  of  B  does 

se 


□ 

m 

□ 

Figure  4 


I  _  I 

<j> — 13 — ° 


not  enter  into  the  determination  of  the  relation  between  S.  and  B&.  The 
network  parameters  (see  the  Final  Report,  Chap.  II,  Eq.  (IS)  and  Chap.  Ill 
Sec.  A)  on  an  admittance  'basis,  for  the  purely  shunt  network,  are  l/a  =  0, 
c/a  a  1,  and  b/a  =  -  2  Bq/ Y0  ,  T&lle  for  the  purely  series  network,  b*  =  0. 
Setting  b’  =  0  (see  Final  Report,  Chap.  Ill,  Eq.  (6c)),  setting  <*  =  /3  0  = 

tanve-t  ,  and  using  the  ab-ve  network  parameters,  results  in  tan1*^  00  or 
Bq/Y  =  -  tanx.2.  The  latter  is  clearly  the  desired  relation  and  it  agrees 
with  Equation  (l). 

The  admittance  parameters  of  the  short  circuit  half  (see  Figure  3) 
between  reference  planes  Tj  and  T*  are,  from  Figure  j.2  of  Chap.  Ill  and 
Equation  (12)  of  Chap.  II,  both  of  the  Final  Report, 


! 
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Vc  =  ”  2  B/T 


a/c  = 
l/c  = 


2/n2 


(8) 


The  transformed  parameters,  between  reference  planes  and  T_,  ars, 
similarly:  * 


B 

2 

o 


T 

o 


B 

r 

o 


V 


2  2 

nc  =  hTfaT'c’T 


(9) 


The  parameters  indicative  of  the  reference  plane  shifts  are 
(Eq.  (5a)  of  Chap.  Ill,  Final  Report)  <*-Q  =  tan  9*  (-i  )  and  /9q  *  tan  -at  (--€’) 
or: 


•4  a  -  tan  *  £ 
o 


/"o 


=:  -  tan  n  J? 1 


(10) 


The  parameters  for  the  netwrk  'between  5S  and  I?  are  related  to  those  exist¬ 
ing  between  and  by  Equation  (6c)  oif  the  Final  R^ri,  Chap.  Ill,  which 
can  he  written  in  simplified  fora,  since  l/c  =»  0,  as: 


B 


b* 


_£  +  2  —  =  -  — 

T.  I.  c 


Vc  a/c 

TT^r7h7rr^777i^ 


B 

c 

r 

0 


c'  = 


0  £o 
a/c 


1  +  oc  h/c  -  *c  A 

_ O _ 0  .17  s _ —r 

-  o6q  a/c  -  (io  -  oco  /9q  h/c 


(11) 


n'2  = 


2  c* 


h1  +  a'c1 


2(c/a)(l  +  ocq  h/c  -  *Q  <aQ  a/c)‘ 

il  +  *02)  U  +  /*02) 


These  .reduce  directly  to  the  expressions  presented  under  Method  I,  upon 
substitution  of  Equations  (8)  and  (10)  into  (ll). 
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UL. 


▼AEUTIOKAL  GALCDLiTICHS  OT  THE  IQUT7A1KKT  CIRCUIT  PABAI ggBg  KB  THEE 
SLOTS 


(J.  Blast) 


A.  Hetwork  Gonsidaratloni  Appropriate  te  Thin  Slot  Structures 

It  It  veil  know  that  the  magnetic  and  electric  fields  In  a  uni  fora 
waveguide  can  toe  erp retted  at  an  Infinite  turn  of  orthogonal  model  wherein 
the  transverse  magnetic  and  electric  field  mode  amplitudes  I*  and  7.  satisfy 
transmission  line  equations  involving  the  longitudinal  variable.  The  trano- 
verte  magnetic  and  electric  .ode  functions  vhich  shall  toe  designated  toy  h^ 1 , 
hi*  and  e^' ,  ei",  respectively  (the  primes  indicate  B  modes,  the  double 
primes  H  modes) ,  and  the  longitudinal  mode  functions  hjz"  and  e^'  are 
curvilinear  functions  of  the  transverse  variables  (x,y).  Waveguide  systems 
are  usually  operated  at  frequencies  which  permit  the  propagation  of  only  the 
dominant  mode,  which  for  the  rectangular  waveguide  is  the  %o  rode.  The 
field  far  from  any  discontinuity  consists  therefore  of  only  one  dominant  mode, 
although  in  the  vicinity  of  a  discontinuity  the  field  consists  of  an  infinite 
number  of  modes.  The  primary  problem  in  the  study  of  discontinuities  is  to 
relate  the  voltage  and  current  of  the  dominant  mode  on  one  side  of  the 
discontinuity  to  the  voltage  and  current  on  the  other  side.  In  these  cases 
of  uniform  waveguides  the  dominant  mode  amplitudes  7,  I  at  one  terminal  plane 
progress  to  any  other  terminal  plane  along  a  transmission  line  whose  propo¬ 
rtion  constant  (jtf)  and  characteristic  admittance  T0  are  determined  toy 
the  waveguide  dimensions  and  the  frequency.  Since  linearity  and  reciprocity 
relations  exist  it  is  possible  to  represent  a  discontinuity,  as  far  as  7 
and  I  are  concerred,  toy  a  lumped  network  inserted  into  the  line  at  some 
predetermined  terminal  plane  or  planes. 

If  the  waveguide  structure  is  cf  the  two  terminal  plane  type, 
namely  one  input  and  one  output  plane,  the  dominant  mode  network  represen¬ 
tation  of  the  discontinuity  is  a  two  terminal  pair  circuit.  Thus,  structures 
such  as  a  change  of  guide  cross  section,  a  radiating  slot,  or  a  thick  obsta¬ 
cle,  for  example,  may  toe  represented  at  a  given  frequency  toy  lumped  circuits 
such  as  either  of  those  schematically  presented  in  Figures  3*l(a'  621(3  (*>)  • 
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Figure  3.1(a) 


Figure  3*l('b) 


T*  and  TQut  are  the  waveguide  input  and  output  terminal  planes, 
(Iii*2)  are  *ermlnal  planeB  at  which  the  above  network  represents  the 
discontinuity,  and  and  are  lengths  of  transmission  line  between  Tin, 
Tout  8a,i  ®li  ^2  respectively.  The  above  circuits  may  be  altered  to  diff¬ 
erent  }  but  equally  valid,  ones  tf  T^  and  Tg  are  shifted  to  some  other 
points,  in  order  to  yield  simpler  or  more  convenient  representations.  Tj^n 
and  Tq^  do  not  enter  directly  into  the  calculation  of  the  admittance,  but 
have  been  included  in  the  above  figures  for  the  purpose  of  illustrating  the 
relative  location  of  the  network. 

The  E-p?nne  and  H-plane  Tees  fall  into  a  different  classification 
Bince  they  are  examples  of  thveo  teiminal  plane  waveguide  structures  whose 
equivalent  circuit  representations  are  three  terminal  pair  networks.  Agp4.ni 
this  assumes  that  only  the  dominant  mode  propagates  in  both  the  main  and 
tftub  guides.  A  particular  schematic  representation  of  a  sT,n'metrical  three 
ter  utnal  pair  structure  is  given  in  Figure  3-2.  T^  and  Tg  represent 
term-sal  planes  ir  the  main  guide  structure  which  are  separated  by  equal 
distances  from  the  plane  of  symmetry,  while  T^  refers  to  the  terminal  plane 
in  the  stub  guide.  For  the  variational  calculations  T^,  T2  have  been 
chosen  at  the  plane  of  symmetry  and  bar  been  made  coincident  with  the 
plane  of  the  iris.  A  discussion  of  terminal  plane  transformations  in 
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Figure  3.2 

connection  with  invariant  representations  of  such  networks  is  given  in 
Fart  II. 

The  representations  of  planar  slot  discontinuities  whih  have  been 
choien  for  the  variational  calculations  have  the  planes  T^  and  T;>  coinciding 
with  the  plane  of  symmetry.  The  resulting  networks  can  "be  shown  to  he  sim¬ 
plified  versions  of  the  general  circuits  of  Figures  3*1  and  3*2  and  before 
proceeding  to  the  analytical  aspects  of  the  problem  the  reasons  for  the  sim¬ 
plifications  will  be  made  clear. 

The  transverse  slot  which  couples  two  identical  guides  is  consid¬ 
ered  first.  Suppose  that  the  electric  field  generated  in  the  slot  is  due 


(T|,T2) 


Figure  3.3 
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to  a  source  far  to  the  left.  From  the  symmetry  of  the  structure  it  is  seen 
that  (see  Final  Report,  Chap.  I): 


*  I  .  ^  d  S 


‘  h ,  d  5  =  T 


(3-D 


since  h^  =  hp  for  identical  inaut  and  output  guides.  If  the  source  were  on 
the  right  the  same  electric  field  would  he  excited  and  the  same  relationships 
would  exist.  That  is,  if  a  source  on  the  right  resulted  in  voltages  V^*, 

Yp1  then  Vp'  =  V^’.  The  network  equations 


become 


V  =  Z  I  +  Z  I 
1  11  1  +  12  2 


7  =  Z  I  +  Z  " 

2  21  1  22  2 


▼l  =  Z  (Ij_  +  I2)  =  Vj 


(3-2) 


Therefore,  the  netv/ork  becomes  purely  shunt,  and  Figure  3*l(a)»  with  Yb  =0®, 
or  Figure  3.1(h)  with  Zp  =  0,  and  n  =  1,  are  rspresentative  of  the  structure. 

If  the  two  guides  are  not  identical  as  in  the  structure  of  Figure 
3<4,  the  circuit  representation  is  nc  longer  simply  shunt.  As  before,  con¬ 
sider  first  a  source  on  the  left  which  generates  an  electric  field  S’  in 
the  aperture.  The  equations  for  the  dominant  mode  voltages  are  then 
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x  E  •  d  S  • 

(3.» 

V  '  “2“  ' 

A  source  field  on  the  right  will  excite  a  slot  field  E’ .  The  voltages  to 
the  left  and  right  of  the  discontinuity,  respectively,  are 


v  ■  JV* 

ap. 

V  *  ff  ie  >!'  •  ij*  8 


(3.31>) 


Since  in  general  E*  4  *  and  hi  4  ^2»  it  follow  that  Vi  4  T2*  ^l1 
4  Vg1  and  furthermore  that  V]/7g  4  ^l'Mg1  •  Eaace  no  sin?>lification  of  the 
circuits  of  figure  3.1  is  possible.  If,  however,  the  slot  is  small  and  not 
near  one  of  the  guide  walls,  the  energizing  fields  are  almost  constant  over 
the  slot  region  so  that  the  induced  electric  fi&lds  Z  and  Z1  differ  approx¬ 
imately  at  most  by  a  constant  factor,  for  a  small  slot,  therefore,  it  is 
seen  from  Equations  (3*3)  that 


This  implies,  by  Equations  (3*2),  that  Z^/Zgi  *  ^g/Zgg,  but  since  Z^g  » 
Zgj ,  the  general  impedance  matrix  reduces  to 
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The  corresponding  equivalent  circuit  ii  the  one  of  Figure  3 .l(b)  in  which 


The  equivalent  network  of  a  synmetrical  two  terminal  pair  struc¬ 
ture  may  also  he  analyzed  hy  first  reducing  it  to  two  one  terminal  pair 
networks  hy  a  method  described  in  the  next  paragraph  in  its  application  to 
three  terminal  pair  structures. 

The  slot  coqpled  3  plane  Tee,  shown  in  figure  3.5,  has  a  symme¬ 
trical  three  terminal  pair  network  equivalent. 


(T„T2) 


I 

2*0 

(T„T2) 


Figure  3*5 

Bartlett's  bisection  theorem  can  he  employed  in  order  to  determine  more 
easily  the  elements  of  the  network.  If  symmetric  current  excitation  is 
u*->!  in  the  main  guide,  1^  *  Ij  (See  Figure  3*2) .  This  is  equivalent  to 
inserting  a  shorting  plane  (V  =  0)  at  (Tj,TP).  The  composite  circuit  can 
then  he  considered  to  he  a  pair  of  two  terminal  pair  structures.  Jxamin- 
ation  of  the  induced  aperture  electric  field  due  to  this  excitation  shows 
that  it  is  similar  in  fonn  to  that  obtained  for  Figure  3**.  *he  electric 
field  excited  in  the  slot  by  the  stub  source  or  hy  the  main  guide  source 
will  differ  approximately  hy  a  constant  amplitude  factor  if  the  slot  dim¬ 
ension  in  the  z  direction  is  small  compared  to  the  guide  wave  length  and 
the  guide  dimensions*  The  resulting  equivalent  network  is  therefore  the 
shunt  transformer  circuit  of  Figure  3.6(a). 
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Whan  synEotrlc  voltage  excitation  is  applied  in  the  main  guide, 
the  circuit  of  figure  3*2  ie  then  open  circuited  at  the  plane  (T^.Tg).  The 
circuit  la  now  reduced  to  two  one -terminal  pair  structures  independently 
cf  the  slot  size,  as  shown  in  Figure  3*6(h).  It  if  seen  that  such  a  separ¬ 
ation  la  purposeful  since  the  variational  method  can  he  just  as  well  applied 
to  the  determination  of  the  parameters  of  these  reduced  circuits. 


Figure  3.6(a) 


Symmetrical  H  excitation 


Figure  3 «6("b) 


Symmetrical  X  excitation 


61 


B.  Variational  Formulations 

The  ’boundary  value  problem  associated  with  the  discontinuity  field 
can  be  simply  formulated  as  an  integral  equation,  but  can  rarely  be  solved 
in  a  simple  manner,  "he  integral  equations, nevertheless ,  may  be  employed 
to  obtain  the  desired  circuit  parameters  by  means  of  variational  express* 
ions  whose  relative  insensitivity  to  the  slot  fields  forms  the  basis  for 
an  approximation  procedure. 

The  field  excitation  in  a  transverse  slot  can  be  regarded  as 
equivalent  to  a  distribution  of  magnetic  current  dipoles.  The  field  excit¬ 
ation  in  a  longitudinal  slot  is  equivalent  to  both  a  magnetic  and  electric 
current  dipole  distribution.  For  this  reason  the  transverse  slot  and  the 
longitudinal  slot  are  discussed  separately. 

1 .  Transverse  Slot 


Consider  the  transverse  discontinuity  of  Figure  3*7(&)  1111(1  the 
corresponding  equivalent  circuit  in  Figure 


(a)  (b)  (c) 


Figure  3-7 

The  electromagnetic  field  everywhere  in  regions  I  and  II  can  be  expressed, 
by  a  well  known  uniqueness  theorem,  in  terms  of  the  tangential  component  of 
either  E  or  H  on  the  boundary  of  the  given  region.  The  boundary  of  region 
I  is  the  plane  T-^1,  the  metal  walls,  and  the  surface  Tj.  The  boundary  of 
region  II  i3  Tg,  the  metal  walls  and  Tg’.  The  magnetic  field  at  the  outer 
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boundaries  i*  just  the  dominant  mode  field  if  they  are  sufficiently  far 
restored  fran  the  discontinuity  so  that  the  higher  modes  excited  there  hare 
coapletely  attenuated,  the  electric  field  is  zero  on  the  boundary  except 
orer  the  aperture  region  and  on  the  planes  T^' ,  T?' .  Zt  is  possible  by  a 
modal  analysis  to  relate  the  magnetic  field  at  T^',  Tg'  to  the  electric 
field  in  the  slot.  The  transrerse  magnet ic  field  in  region  I  in  terms  of 
the  modes  of  this  region  is 

Hti  »  (*)  ^  U,y)  +  (*)  kn  (-.7/  (3*^0 

and  in  region  II  it  is 

-t2  =  12  ^  ^2  ^x,y'  +  Zi2  £12  (x'y)  (3*^) 


where  hn  and  hj^  are  the  rector  mode  functions  appropriate  to  regions  I  and 
II,  respectively.  The  primed  sum  includes  al?  modes  except  the  dominant  one. 


Since  the  higher  mode  wares  are  rapidly  attenuated,  the  line 
presents  a  match  to  thee”  modes  in  both  directions  from  (7^,  Tg) .  The  higher 
mode  current  on  the  left  at  is  therefore  related  to  the  corresponding 
mode  voltage  by  the  relation 


Xil  =  “  Til  Til 
1*1  le  on  the  rigjvt. 


(3-5a) 


(3'?b) 


The  change  in  Blga  is  appropriate  to  the  indicated  positive  directions  of 
current  and  voltage  shown  in  Figure  3'7(l3)’  However,  Yj,  is  related  simply 
to  the  slot  field  by 


Vi  (0)  = 


If*  B 

slot 


h4  d  S' 


where  U ,  the  magnetic  current  density,  1b  equal  to 


(3.6) 


H  =  n  x  E. 


(3-7) 


and  n  is  a  vector  normal  to  the  surface  out  of  the  region.  The  positive 
sign  is  chosen  when  n  is  in  the  z#  direction  and  the, negative  sigh  when  in 
the  -  _£0  direction.  Also  Vj  (z)  =  Vj^  (0)  e  “J*1  rlforuli  but  the  dom¬ 
inant  mode. 
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If  the  substitutions  of  Equations  (3*3*)  *ad  (3*3^)  *re  sad*  in 
Iquation  (3*^&)  and  ( 3 .4l>) ,  respectively,  and  the  voltage  ia  expressed  aa 
the  Integral  of  Equation  (3*6),  the  integral  representation  of  Equation 
(3*8a)  and  (3*8b)  for  the  magietic  field  la  possible.  The  rector  node 
functions  hare  been  combined  under  the  integral  alga. 


Itl(x,y,z)  =  =  ff  Kj.  y  a  h  e  3,411  ^ 

alot 


dx’dy' 

(3-«a J 


rr 


Et2(x,7,0  .  l2U)  h2-  J  J  Kj.  \z  ^2  h12  6 


-JX12(.) 


alot 


dt'dy' 

(3.81») 


where 


Mx  «  -  ^  .  M 


It  la  neceesaiy  to  satisfy  the  continuity  requirement  of  the  magnetic  field 
over  the  alot.  Thus 

Sti  (x’7>0)  *  St2  (x’y’o) 

which  provides  a  means  of  eliminating  the  total  magnetic  field  and  thereby 
obtaining  an  integral  equation  for  M.  Let 

j  st  -  ? 1  jy  h'  v  +  v  £  v j*  •  (3*9) 

where  the  primes  indicate  E  modes  and  the  double  primes  H  modes,  and  where 
the  subscript  "t"  indicates  the  transverse  dyadic  suceptance  in  the  vicin¬ 
ity  of  a  short  circuit  plane.  If  Equation  (3 -Sb)  ia  subtracted  from  l3*Sa) 
in  the  slot  region  (z  »  0)  the  following  equation  for  K  ia  obtaiaedi 


j 
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*  - 12  (o)^  -  j  ff  H .  <8tl*  gt2> 

■lot 


dS* 


(3-10) 


This  result  may  be  derived  independently  in  terns  of  the  dyadic  waveguide 
Green's  function.  In  the  above  equation  the  dominant  mode  contributions  of 
the  Green's  functions  have  been  limped  into  the  far  field  terns.  The  dydadlc 
susceptances  indicated  are  respectively  the  Imaginary  part  of  the  transverse 
coiripoaent  of  the  waveguide  Green's  functions  in  the  left  and  right  hand 
semi -infinite  regions. 

If  the  tvo  waveguides  are  identical,  the  modes  functions  are  the 
same,  i.e.  h-  =  h^.  If  the  waveguides  are  not  identical,  a  simple  treatment 
is  effected  In  the  case  of  a  small  slot  since  then 


over  the  slot  regicc,  where  n  is  independent  of  slot  size  and  is  exactly 
equal  to  V  b^/bg  when  the  change  is  a  change  in  guide  heigit.  As  indicated 
in  the  previous  section,  the  series  element  Zp  of  Figure  0821  then 

be  neglected,  and  the  representation  of  Figure  3*7(^)  valid.  However, 
even  if  the  slot  is  not  small  in  size,  the  series  element  is  small.  Equation 
(3*10)  can  then  be  rewritten  as: 


If  both  sides  of  Equation  (3.H)  are  multiplied  by  the  vector  magnetic  curr¬ 
ent  density  in  a  scalar  product  fashion  and  integrated  over  the  slot  region 
the  left  side  becomes  (using  Equation  (3*6)). 


Y©)  =  p 


t 


where  designates  the  reactive  power  flow  in  the  discontinuity.  Then, 


yo)  -  n  I2  (0) 

v77) 


J  Bt 


These  considerations  immediately  lead  to  the  variational  expression  for  E^., 


(3.12) 


Bote  that  the  double  surface  integral  represents  the  reactive  power  flow  in 
the  discontinuity.  It  can  be  show  that  the  incremental  variation  of  the 
susceptance  &t,  due  to  a  change  in  M  (or  B)  is  proportional  to  the  square  of 
the  increment  of  E ,  that  is,  the  susceptance  is  stationary  about  the  correct 
slot  electric  field. 


2.  Longitudinal  Slot 

The  longitudinal  slot  discontinuity  is  a  junction  between  two  regions, 
the  main  guide  and  the  stub  guide,  where  the  latter  includes  as  a  special  case 
a  half  space  region. 


The  total  magnetic  field  induced  at  any  point  in  a  rectangular  wave¬ 
guide,  which  propagates  only  one  mode,  by  a  magnetic  surface  current  source 
at  (x*  ,yl  ,z')  and  dominant  mode  sources  located  an  integral  nuaber  of  wave¬ 
lengths  from  z  =  0  is  (See  Report  R-I57-47,  pp.  16,  17): 


H(x,y,z)  a  (3-.,.2.  ^(x.y.z)- 


jT(~^)h(2)(x,y,z)-jy/:4-  agd  s«  (3.13a) 


ldxere 


ii(1)  -  V  “**1*  “(3T7)  ±u'  8in*iz 

X 

h^^a  hj"  sin*  jZ  +  (~i)  h^'z  cos*^« 


> 


(3.13b) 


and«£?g,  now  the  total  guide  dyadic  susceptance  or  the  higher  mode  total 
magnetic  field  response  of  a  unit  magnetic  dipole  is 
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(a)  h^e 


-  J^fz  -  Z  *  I 


(3.13c) 


where 
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(a,z) 

z>  z* 

m  < 

1 

2<  Z* 

(s,z  <) 

-  f 

(a*  ,z») 

Z  '<  z 

-  1 

(a,z) 

z  *>z 

(a, z  <)  +  J 


and  where  a  represents  the  transverse  coordinates  in  the  slot.  It  should 
be  pointed  out  that  in  the  reference  given  above  the  direction  of  Yg  1® 
opposite  to  the  one  used  here  (See  Figure  3*2)  to  obtain  the  expression  of 
Equation  (3*13a).  ^nd  also  that  here  the  symbols  h'l'  and  h'2'  are  intro¬ 
duced  to  make  the  notation  more  compact.  7  and  I  are  equal  to  the  magnetic 
and  electric  dominant  mode  amplitudes  at  integral  multiples  of  a  guide 
wavelength  from  the  plane  z  =  0,  and  their  positive  directions  are  indicated 
in  Figure  3*2.  This  general  representation  is  needed  in  order  to  specify 
the  field  in  a  slot  on  the  top  or  on  the  side  of  a  waveguide.  The  magnetic 
field  in  the  stub  region,  as  has  already  been  shown  since  it  corresponds 
to  the  transverse  slot  case,  can  be  evaluated  in  terns  of  the  magnetic 
current  distribution  M  as  fol3  owe : 


H  =  I  h 

—8  8  ”"S 


M  .  3 

-  ~  S 


d  S' 


(3.1*0 


where  the  subscript  "s"  signifies  stub  guide.  The  spatial  susceptance 
indicated  in  Equation  (3-1*0  is  essentially  the  transverse  component  of 
the  spatial  susceptance  of  Equation  ( 3  •  13c)  ia  now  relative  to  the  modes 

ir.  the  stub  guide. 

If  the  Tee  structure  is  to  be  considered  as  a  two  terminal  pair 
network  between  the  planes  T^  and  Tg  (See  Figure  3-2),  that  is,  there  are  no 
d,vnamic  sources  in  the  stub  which  need  be  considered,  the  magnetic  field  in 
the  stub  is  best  described  by  Imping  the  scattered  dominant  mode  field 
with  the  higher  mode  field,  so  that 


d  S' 


(3-15) 
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Vg  will  include  a  resistive  term  if  a  radiating  or  propagating  node  is 
present  in  the  stub  guide.  Thus,  for  example,  if  the  stub  is  a  half  space 
region  will  Include  a  radiation  resistance  tern,  while  if  it  is  a  Tee 
stub  beyond  cutoff  If  g  will  be  purely  reactive.  If  the  stub  region  is  a 
half  space  ~ 


y<-  2^-Evv,+  k20 

/V 

where  the  identity  dyadic  c  is 

«=  lei. 


^  k!l  -  £' 

"E^TT 


i 


(3.16) 


(3.17) 


The  integral  equation  for  the  magnetic  current  distribution 
follows  from  the  continuity  condition 


H  (x.y.z)  -  (x.y.z)  =  0  (3*18) 

where  H  is  the  magnetic  field  just  off  the  aperture  in  the  main  guide 
direction  and  Hg  is  the  magnetic  field  just  off  the  aperture  in  the 
stub  guide  drection.  The  integral  equation  now  becomes  (using  Eqs. 
(3.13a)  and  (3.14) ) . 


0  ,  j  T  (I1--.*2  )h(2)-  I ,  h,  -  j  Jf  K.  ^L+g,]  dS' 

slot 

(3-19) 


where  Manx  ^aiot’  811  ^  £  points  out  of  the  main  guide,  and  where ftj, 
is  actually  thefi»  of  Eq.  (3.13®) »  but  signifies  "longitudinal1*  here. 
For  the  E  plane  "discontinuity  y  =  b,  n  »  for  the  H  plane  discon¬ 
tinuity  x  -  a,  n  -  Xp  • 


r-'r.-  c 
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It  has  'been  previously  pointed  out  that  the  problem  of  deter¬ 
mining  the  parameters  of  a  symmetrical  X  plane  Tee  network  is  simplified 
if  the  structure  is  investigated  separately  by  means  of  a  symmetrical 
electric  field  and  a  symmetrical  magnetic  field  excitation  in  the  main 
guide,  For  symmetrical  electric  field  excitation  V]=  -  1^  =  -  1^ 

(see  Fig.  3-2)  eo  that  Iq.  ( 3  *  19 )  can  be  expressed  as 


j 


T 


I  h 


(3-?0) 


In  the  case  of  symmetrical  magnetic  field  excitation 


Ti  *  V  h 


and  Eq.  (3*19)  reduces  to 


yill>- 1.  s, =■  j  ff  *.<&,+  &>«■ 

slot 


(3*21) 


The  magnetic  current  M  of  Zq.  (3»2l)  differs  from  that  of  Zq.  (3-2 0)  since 
the  exciting  fields  are  not  alike. 


It  was  shown  that  Ta  of  Fig.  (3-2)  may  be  calculated  independ¬ 
ently  of  the  stub  excitation  if  symmetrical  electric  field  excitation 
is  employed  (see  Tig.  (3.6b) ) -  It  can  be  shown  that  for  the  above 
excitation  (see  .report  jfi.— 157—47 ,  p.  58,  Eq.  (6c)) 


(3-22) 


where  the  subscript  s.s.  designates  symmetrical  electric  field  excitation. 
If  therefore  I8,  the  stub  guide  current  is  set  equal  to  zero,  (This  is 
necessary  since  a  dominant  mode  excitation  in  the  stub  guide  produces 
anti-symmetric  voltage  excitation  in  the  main  guide,  in  contradiction 
to  the  assumed  main  guide  excitation.)  and  Eq.  (3 >20)  multiplied  in  a 
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scalar  product  fashion  hy  .  and  than  integrated  over  the  aperture 
region,  the  result  Is  ”* 


^(2 


V 


(*  T  +ft  ).  k  asas' 

~  L  ~S 


(3-23) 


The  variational  expression  for  l/l.  results  if  both  sides  are  divided 

by  (2Ix)2: 


electric  field. 


For  the  case  of  symmetric  magnetic  field  excitation,  it 
may  be  shown  that 


(3-25) 


where  the  subscript  s.h.  denotes  symmetrical  magnetic  field  excitation. 
The  dominant  mode  voltage  in  the  stub  guide  at  the  slot  plane  is  always 
defined  by 


V  = 
8 


-  M  .  h  dS 


(3.26) 


slot 


where  the  n  now  points  into  the  main  guide  (out  of  the  stub  guide  region) . 
ConsequentTy,  if  Eq.  (3*21)  is  multiplied  by  tjg.h.  ia  dot  product  fash¬ 
ion,  where  the  n  points  into  the  stub  guide,  and  the  result  is  integrated 
over  the  slot  region,  the  result  when  Eqs.  (3*25)  and  (3*26)  are  used 
becomes ; 
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<3-Z7) 


lot 


from  the  network  of  fig.  3.6a  it  i>  seen  that 


■  n 

c 


furthermore,  it  it  evident  from  network  considerations  that 


Ta  *  2  Tb 


(3 -28a) 


(3 -28b) 


where  the  indicated  current  directions  are  given  in  Fig.  3*2  or  in  3*&u 
Thus,  if  Iq.  ( 3 - 27 )  is  divided  by  (2Vi)2  and  Iqs.  (3*25).  (3«28a)  and 
(3«28b)  are  used,  the  variational  expression  for  (Ya/2  +  Tv  obtained 
i.e.. 


The  variational  expressions  {3 *12),  (3»2U),  and  (3*29)  are 
employed  in  Sec.  D  for  the  calculation  of  the  transverse  slot  accep¬ 
tance  B^,  and  the  longitudinal  slot  acceptances  l/Ba  and  ( Ba/ 2  +  B^), 
respectively.  The  transformer  turns  ratio  nc  for  the  longitudinal  slot 
may  be  computed  from  Iq.  {3.28a).  This  expression,  however,  is  not 
variational,  that  is,  the  value  of  n.  is  not  stationary  about  the 
correct  electric  field,  even  though  it  is  seen  that  r.c  is  independent 
of  the  amplitude  of  the  slot  electric  field.  Using  ?qs.  (3*29)  and 
(3.26),  the  expression  for  nc  becomes 


i)  *  t 

r 


n 


13-30) 


where  n  In  both  numerator  and  denominator  points  into  the  stub  guide  region. 


C.  Simplification  of  the  Dyadic  S-patlal  Susceptances  (Green’s 

Functions) 

Chce  a  slot  field  is  chosen,  the  analytical  problem  becomes  one 
of  evaluating  the  necessary  integrals,  numerically  or  otherwise.  The 
evaluation  of  the  susceptances  may  be  carried  out  by  substituting  the 
series  representation  of  the  spatial  susceptances  as  given  in  Kq.  (3*9) 
or  (3. 13c/ into  the  variational  integrals,  integrating  term  by  tens  and 
then  summing  the  results  of  the  integrals;  or  alternatively,  by  trans¬ 
forming  these  dyadic  sums  into  some  closed  fore  so  that  the  susceptance 
can  be  evaluated  in  closed  form.  Since  the  series  which  result  from  the 
former  method  are  too  slowly  convergent  to  be  of  practical  use  the  latter 
procedure  is  employed  in  this  report. 

The  procedure,  to  be  described  in  this  section,  of  transforming 
the  dyadic  susceptances  into  a  form  suitable  for  calculations,  may  be 
summarized  as  follows.  The  spatial  susceptances,  which  have  been  given 
in  a  mixed  dyadic  form,  are  first  expressed  as  a  dyadic  operator  acting 
on  a  double  scalar  sum  of  trigonometric  functions.  This  sum  separates 
naturally  into  a  sura  of  (o,n),  (l,n)  and  (mfc2,n)  modes.  The  former  two 
sums  correspond  to  the  kernels  for  already  solved  problems ,  and  it  is 
shown  in  Sec.  D  that  results  corresponding  to  them  may  be  simpxy  looked 
up  in  the  Waveguide  Handbook.  The  Poisson  transformation  permits  the 
latter  series,  the  (a,n),  to  be  converted  into  a  series  of  Bessel  functions 
of  the  second  kind  of  imaginary  argument,  which  converges  rapidly  enou^i 
to  be  approximated  by  a  single  (rather  than  a  double)  infinite  sum.  This 
transformed  kernel,  when  enployed  in  the  variational  integrals,  will  again 
contribute  an  infinite  series  whose  sum,  however,  can  be  readily  approxi¬ 
mated.  It  is  also  shown  in  this  section  that  the  singularity  of  the  guide 
spatial  admittance  is  equal  to  the  free  space  spatial  admittance,  indicating 
that  for  approximate  results  the  free  space  spatial  admittance  may  be 
substituted  for  the  guide  expression. 
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The  dyadic  susceptance  of  Eq.  (3. 13c)  can  he  rewritten  at 
follows  in  a  form  which  it  more  suitable  for  summation.  The  transverse 
I  and  H  mode  functions  are  expressed  in  terms  of  vector  operators  (see 
Report  R-157"^7i  PP*  17 .  1&  The  center  of  coordinates  is  illustrated 
in  Tig.  (3.7c). 


(3-31) 


where 


Since  the  vector  mode  functions  are  seen  to  he  expressed  in  terms  of 
vector  operators  and  scalars  it  is  possible  to  separate  out  the  vector 
operators  by  straightforward  algebraic  operations.  The  general  dyadic 
spatial  susceptance,  can  then  be  rewritten  asi 
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3=0  n*t-oo 


/k2-k2 


ci 


[  (3.32) 


where  (J  ■  -  j/k2-  k2^  |z  -  *’  J 


The  aeries  that  must  he  stunned  are  now  purely  scalar.  In  the 
ahowe  fora  they  are  seen  to  converge  quite  slowly  whan  |z-z'  (  is  snail. 
The  Poisson  transformation  (Xq.  (l)  of  the  Appendix)  can  he  applied  to 
the  (n,n)  series,  where  »»2 ,n  >,  0,  to  obtain  a  more  rapidly  convergent 
expression.  The  Poisson  transformation  can  he  heat  applied  to  a  series 
of  functions  which  do  not  suffer  a  singularity  over  the  closed  interval 
of  sunnation.  In  this  connection,  it  is  seen  that  if  mfc2  and  only  the 
dominant  mode  propagates,  i.e.,  k2-(nsT/a)2*-l,  that  for  no  real  value 
of  n,  integral  or  otherwise,  can. 


A2-  (=)2-  (ffi)2 

equal  zero,  that  is,  there  will  he  no  branch  point  of  (n)  along  the  real 
axis.  1  typical  application  of  the  transformation  to  the  series  of  Eq. 
(3«32)  is  illustrated  below  in  Iq.  ( 3 • 33 ) »  'Acre  Z  is  equal  to  (z-*'), 
and  T  is  equal  to  (y-y* )  or  (y+y1).  *he  Pourier  integral  which  must  he 
evaluated  is  identical  to  the  one  of  Eq.  (7)  of  the  Appendix. 


2b 

TT 


^  /(T+2ih)lz2 


(3.33) 


where  1  ■  k  -  {— )  4.  0,  i«e.  ®?2,  and  where  Xq  is  a  Best  el  function 
of  the  second  kind  of  imaginary  argument.  The  virtue  of  this  transfor¬ 
mation  is  that  Xq(u)  decreases  exponentially  for  large  argument  so  that 
it  is  possible  to  approximate  quite  accurately  the  infinite  trlgnometric 
sum  by  a  finite  sum  of  Bessel  functions.  It  will  turn  out  that  the  major 
contribution  to  the  susceptances  in  the  variational  integrals  comes  from 
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thos*  tarns  whose  argment  na 7  for  some  alio  sable  raloe*  of  T  and  Z  become 
zero.  The  only  term  for  which  this  is  true  is  0. 

Equation  (3.^4)  is  a  representation  of  the  dysJ'c  component 
containing  the  (m»2,n)  nodes  when  ysy'ob.  It  is  this  component  f§  that 
is  required  for  the  calculation  of  the  parameters  of  a  slot  in  the  top  guide 
wall.  The  transverse  dyadic  susceptance  is  twice  the  transverse  com¬ 
ponent  of  the  total  dyadic  susceptance  considered  at  tsz'aO.  Twice  the 
Talus  need  be  taken  for  the  following  reason,  fl,  is  essentially  the  dyadic 
magnetic  field  response  at  any  point  (x,y,z)  in  the  infinite  waveguide  due 
to  a  nagnetic  dipole  located  at  (x1 ,y*  ,z*)‘  ‘When  the  waveguide  is  shorted 
at  one  end,  thus  creating  a  semi -infinite  guide,  an  image  term  must  be 
include!.  In  particular  when  the  shorting  plane  is  at  >. ’»0  and  the  magnetic 
current  dipole  is  located  on  the  plane  the  contribution  of  the  image  is 
equal  to  the  initial  contribution.  Bote  that  the  images  associated  with 
the  walls  of  the  guide  have  already  been  included  in  the  general  represen¬ 
tation.  The  (np2,n)  modal  component  4$^  of  the  transverse  spat**! 
susceptance  is  given  in  Iq.(3-35) • 
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-2  J  (3.35) 

Thr  nest  significant  terns,  are  the  ones  of  argument  |y-y’  |  since  the 
Bessel  function  diverges  along  the  line  jity* .  The  other  argtment  is 
zero  only  at  the  point  ytry’aO. 

Since  the  Poisscn  transformation  finds  its  best  application 
with  the  (mft  2,n)  nodes  the  separation  from  the  general  fom  of  the 
component  of  the  dyadic  which  indues  these  nodes  follows  naturally. 

The  regaining  dyadic  component  nay  he  again  separated  into  ( o,n)  an** 
(l,n)  modes.  Thus: 


*V  -V 
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(3.36) 


The  isiportant  additional  virtue  of  this  separation  is  that  with  the 
field  choices  used  the  contribution  to  the  susceptance  parameters  of 
the  first  tern  is  zero,  while  that  of  the  second  tern  is  just  the 
susceptance  of  the  wide  open  capacitive  iris.  Therefore,  calculations 
involving  these  terms  can  be  avoided  since  the  parameters  of  the  wide 
open  capacitive  iris  are  already  available.  The  contribution  of  the 
(a2!2,n)  modes  is  then  =i  correction  to  the  well  known  "unperturbed" 
results.  The  calculation  of  this  correction  term  is  the  major  consid¬ 
eration  of  this  part  of  the  report. 


The  singularity  of  the  spatial  admittance  occurs  nt  assx1, 


y»y' ,  za z',  i.e.,  in  the  neighborhood  of  the  magnetic  current  dipole, 
the  magnetic  field  becomes  infinite.  In  the  vicinity  of  the  singularity 
the  spatial  dyadic  admittance  (which  includes  the  dominant  mode  term) 
approaches : 
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J(-VV+  k2*) 
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Bat  this  *m  converges  and  diverges  together  with  the  integral 

<-w^  f  «>■  /^iiw] 


(3.3«) 


But  frees  Sq.  (8)  of  the  ippendlx  this  is  seen  to  be 


i dr  (-vv+  *2«) 


"j k  /( x-x 1 )  2«-(  y-y ' )  2+  (z-*1)2 
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(3-39) 


Thus  the  guide  spatial  admittance  behaves  like  the  free  space  admittance 
in  the  vicinity  of  x'  ,7*  •  The  ambiguity  concerning  the  sign  of  the 

exponential  nay  be  sisply  resolved  by  noting  that  the  resistive  tern 
of  the  spatial  admittance  oust  be  positive.  This  is  obtained  if  the 
exponential  is  -  j .  Die  guide  spatial  susceptances  as  used  in  the 
variational  calculation*  will  have  a  singularity  equal  to  twice  the 
imaginary  part  of  the  above  reuult  since  the  image  contributions  at 
any  of  the  metal  walls  will  contribute  a  like  amount.  Thus 
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where  for  the  former  ytoy^b,  and  foi  the  latter  z=z'*»0. 


dt 
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fhls  treatment  is  &  mathematical  Justification  of  tho  frequent  epprox- 
imtion  of  tho  golds  dyadic  spatial  susceptance  hy  tho  half  spaca 
spatial  susceptance. 


D.  lamination  of  the  Circuit  Parameters 
1.  Tho  Trial  fields 


It  is  now  possible  to  eraltate  the  equivalent  circuit  parameters 
of  the  slots  discussed  in  the  previous  sections  in  a  relatively  straight¬ 
forward  aanner,  wherein  the  results  are  expressed  as  corrections  to  the 
formulae  for  vl da  open  capacitive  irises.  Before  proceeding  with  tho 
integration  of  the  Variational  expressions,  a  choice  oust  be  aade  for 
the  electric  field  descriptive  of  the  slot  excitation.  Ihis  choice  is 
somei&at  facilitated  by  certain  restraints  idiich  the  expression  for  the 
true  field  nust  satisfy,  such  as l  a)  When  a'/a  •  1,  the  field  should 
reduce  to  that  of  the  vide  open  capacitive  iris,  and  for  the  transverse 
slot  when  b'/b  *  1,  it  should  reduce  to  that  for  the  vide  open  inductive 
slot,  b)  At  the  slot  boundary,  the  electric  field  must  be  purely  normal 
to  the  edge  and  be  infinite  (for  a  sero  thickness  slot) .  c)  The  slot 
electric  field  should  be  proportional  in  sone  way  to  the  nagnetic  field 
Hq  that  would  be  present  in  tho  neighborhood  of  the  slot  (unperturbed 
magnetic  field)  if  the  slot  was  covered. 

The  problem  of  determining  the  slot  field  for  the  case  idiere  the 
unperturbed  magnetic  field  has  some  cosine  variation  over  the  aperture,  and 
is  in  the  £  direction  indicated  in  figure  3*8, 


figure  3*8 
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la  almost  similar  to  that  of  determining  the  slot  field  in  the  vide  open 
capacitive  or  inductive  iriaaa  aince  the  unperturbed  magnetic  field,  as 
veil  as  the  gscsetiy,  is  similar.  The  choice  of  electric  field  Is  decided 
to  a  large  extent  by  the  relative  dimensions  of  b'  and  a1.  In  contrast  to 
Sec.  C,  from  nov  on  all  functions  vill  he  referred  to  a  center  of  coordin¬ 
ates  at  the  aid-point  of  the  slot.  When  a' >>  h1  the  slot  electric  field 
is  chosen  to  he 


(3-41) 


vhlch  for  a'  a  a  redness  to  the  static  electric  field  excited  in  a  vide 
open  capacitive  slot.  When  b'>>  a' ,  the  electric  field  is  assumed  to  he 
ideatioal  to  the  static  one  excited  in  an  inductive  iris,  i.e.. 


y.ln2  f  (3.42) 

lots  that  the  condition  of  an  infinity  at  the  edge  has  not  been  eatiefiid. 
This  is  permissible  since  the  singularity  is  integrable  and  of  not  too 
much  consequence. 

The  true  field  vill  certainly  have  more  than  one  component, 
but  it  is  expected  that  for  most  cases  the  slot  fields  vill  be  essentially 
unidirectional,  so  that  the  above  fields  are  sufficiently  close  to  them 
to  permit  the  variational  principle  to  hold.  In  some  of  the  calculations 
it  vas  expedient  to  use  (3  •‘♦2/  instead  of  (3«^l)  since  the  integrals  could 
be  more  readily  evaluated,  even  though  it  may  have  been  somewhat  more 
correct  to  use  the  latter. 

e 

Tor  the  excitations  for  which  the  unperturbed  magnetic  field  is 
not  almost  entirely  unidirectional,  such  as  in  the  case  of  the  slot- 
coupled  X  plane  Tee  vhen  the  main  guide  is  excited  by  a  symmetrical  electric 
field,  the  induced  slot  field  is  not  expected  to  be  unidirectional  either. 
The  difference  between  the  Induced  fields  generated  as  a  result  of  this 
latter  excitation  and  the  one  vhich  is  caused  by  the  excitation  discussed 
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in  the  previous  paragraph  is  heat  illuetrated  by  the  rigorous  results 
obtained  for  a  snail  circular  slot  on  the  top  of  a  guide  (see  Report 
R-157-^7*  P*  68)  •  The  bicoaponent  field  of  Eq.  (24)  6f  that  report  is 
the  electric  field  produced  hv  symmetrical  2  excitation;  and  the  single 
component  field  of  2q.  (19)  is  the  electric  field  produced  by  symnetrical 
E  excitation. 

It  can  be  shown  that  the  field  in  the  snail  X  plane  slot 
generated  by  a  symmetrical  dominant  mode  rlectric  field  must  be  expressed 
as  a  gradient  field,  i.e., 


E  «C-  S7t  4 


(3.43) 


where  <j>  is  a  function  which  vanishes  on  the  rio.  for  the  slot  of  fig. 
3*9(a),  excited  as  shown  in  fig.  3.9(b),  the  scalar  function  6  is 


♦  -  /if* 


cos 


TT  X 

a* 


(3.44) 


Fig.  3.9 
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The  reason  for  the  gradient  field  may  he  teen  from  the  following. 
The  flMoeptancs  ie  obtadbed  by  sunning  the  contributions  from  the  H  modes 
and  the  X  nodes.  Tor  snail  slots,  the  H  mode  contribution  would  tend  to 
predominate,  resulting  in  this  case  in  a  capacitire  susceptance.  However, 
froa  a  rigorous  analysis  of  small  elliptical  X  plane  apertures  it  is  known 
that  must  be  inductive.  Thus,  the  choice  of  a  trial  field  must  be  such 
that  itnmishes  when  integrated  with  the  H  mode  terns. 

▲  typical  H  node  dyadic  term  (from  Xq.  (3*32))  ie 


I 
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Sat  the  condition  ^7.  K  a  0  can  he  eatief led  h7  X  (S  $) ,  Lastly, 

since  X  »  x  1,  ve  hare  Iq.  (3.43) ,  namely  I  fie  condition 

X  .  a  *  0  on  the  periphery  is  satisfied  by  choosing  ^  along  the  periphery 
slot  to  he  constant  (in  particular  zero),  which  is  equivalent  to  saying 
that  the  tangential  coeqjonents  of  the  electric  field  at  the  slot  edge 
are  zero. 


When  the  slot  is  not  snail,  the  field  has  two  components  whose 
functional  dependence  on  the  slot  variables  is  the  same  as  that  for  the 
snail  slot,  hat  whose  relative  amplitudes  are  now  different.  Toe  relative 
amplitudes  can  he  determined  hy  the  application  of  the  Bayleigh-Bltz 
procedure  given  in  the  Appendix,  with  the  result  that  if  the  field  1 
can  he  written  as  I  =  +  c  1^,  the  value  of  c  is  ~ 


*  [>-<r>2 


and  the  resultant  slot  electric  field  becomes 


sin 


tlx 


+  ^o 


z  cos 


TTX 

7J 


(3.46) 


It  is  seen  that  for  long  thin  slots,  i.e.  a'/a  near  unity,  the  field  becomes 
unidirectional.  As  pointed  cut  previously,  the  absolute  amplitude  of  X  is 
unimportant  to  the  variational  calculations,  and  only  the  relative  amplitudes 
are  of  significance. 

2.  The  Transverse  Slot 


The  field  choices  for  centered  slots  have  been  of  the  form 
I  =  £o  E1  (x)  E2  (y) 
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Tor  slot  dimensions  within  the  range  "b * /"b  <-0.$  and  a,/a>0.5,  the  field 
choice  is 

coe  — .  x 

-  *£,*o  7=^==  <3.47) 

A  -  <ff-)2 


while  for  the  raaaining  range 

S-*.  f  f  -  .In2  a  (3.4*) 


The  geometry  la  Indicated  in  Fig.  $.10. 

TRANSVERSE  SLOT 


Ay 


Q 


Figure  3*10 

As  haa  been  noted  the  latter  field  doea  not  eatiafy  the  condition  of 
becoming  infinite  at  an  edge,  hut  since  the  singularity  ia  integrahle, 
the  result  la  not  sensitive  to  this  condition. 

Since  the  trial  fields  are  unidirectional,  and  in  this  ease 
_*o  x  I  la  in  the  direction, .only  the  £o  Xq  component  of  the  dyadic 
admittance  is  retained,  and  3$0n  is  therefore  dropped  from  consideration. 
Since  the  fields  are  symmetric  About  the  axes  passing  thru  the  renter  of 
the  slots,  they  are  orthogonal  to  all  anti  symmetric  modes,  i.e.  modes 

in  which  a  ia  even,  n  odd. 

The  variational  expression  (3. 12)  for  the  susceptance,  after 


83 


"breaking  up  the  dyadic  susceptance  according  E^.  (3*3^)»  than  becomes: 

Bt  x*y)8 ( *'  *y  ’  ^  L*3*5 '  2 

A  *  A  ^  _ _ _ _  .  A 


(3»**9) 


coa  — “  cot 

a  a 


iC/Jy-y* l)+2  i0(^lMy*y') I) 


ldiere  the  flrat  term  nay  he  written  aa 


where  aa  always  VC  2  »  k2  -  (“) 2,  and  the  limits  go  from  -  a'/2  to  a'/2,  and 
-  h’/2  to  h Note  that  In  Eq.  (3*50)  the  Integral  over  (x,x')  la  inde¬ 
pendent  of  the  Integral  over  (y,yf)  and  cancela  the  squared  integral  In  x 
in  the  denominator.  If  E  of  Eq.  (3>^7)  la  choaen  for  the  trial  field,  ao 
that  the  B  (y)  la  then  correct  to  a  first  order  for  the  vide  open  capacitive 
slot  field2  thla  term  la  equal  to  half  the  BUaceptance  qf  a  capacitive  iris. 
By  assuming  the  small  argument  approximation  for  I  (■»*  |y-y*  I)  (■••  *<!•  (^b) 
of  the  Appendix),  valid  since  h'/h  for  this  field  assumption  Is  less  than 
0.3,  and  neglecting  all  other  terms  hy  comparison,  the  correction  to  the 
capacitive  result,  i.e.  the  second  term  of  Eq.  (3*^9) 1  for  this  field 
choice  is! 
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\  B 

2  corr 


ov.  X  p  co»  1  -aC 

r  Vx  >  *  tt  ‘  q.2^ 

e  e3  c®»  2*t  1  “9*- 


(3-51) 


idler*  X_*  is  the  absolute  ralur  of  the  guile  wavelength  for  the  third 
(n«3>  n»0)  node,  a'/a.  Y  a  1.781,  and  T  m9tf <4*.  Thin  result  has  been 
obtained  by  assigning  that  the  variation  in  the  z  direction  of  the  slot  field, 
for  slots  for  which  a'/a>0*5t  1»  adequately  described  by  the  m=l  and  m»3 
nodes.  In  other  words,  the  stored  energy  is  contained  in  the  (l,n)  and 
(3.n)  modes  for  the  most  part. 

bhen  a'/a*  0. 5  it  is  necessary  to  consider  the  contribution  of 
the  other  higher  modes.  It  is  better  in  this  range,  as  well  as  for  a'/epO'S 
and  'b'/V?0.5,  to  make  the  field  choice  of  Xq.  (3*48).  The  resultant  sum 
orer  m,  after  integration  in  the  variational  expression,  can  be  conveniently 
stunned.  The  integral  which  results  upon  the  insertion  of  the  inductive 
type  trial  field  of  Eq.  (3.4g)  into  Xq.  (3.49)  may  be  evaluated  quite 
accurately  by  extending  the  integrals  ir  y  over  an  infinite  region  and  then 
expanding  the  integrand  of  the  remainder  integral  in  asymptotic  form 
See  Xq.  (5)  of  the  Appendix).  The  suaceptance  is  obtained  in  terms  of  a 
correction  to  the  acceptances  of  both  a  capacitive  and  an  inductive  iris, 
i .  0 . , 


\  1  \  B  1  1 

T30T~+T  +  _2T  "  ”j?  L  (0) 

0  p  0  0  8 


4  " 

cos  —  o*' 


(3.52a) 


S^/Tq  Is  the  relative  suaceptance  of  an  aperture  of  width  a'/a  and 
height  P  s  b'/b  *  1,  and  Bc/Y0  is  a  capacitive  correction.  Specifically, 
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V1.  '  -  7s 

1-  |  (1-  A-(§g>*  )  sin2  tt#cJ  cot2  S  -c 

(3-52B) 

V*.  -  r 
& 

(3 ‘52c) 

2  K 

T(oc)  •  2-  -fi 

1  sin  nt<-  it  «<-cos  ttK  1 

ITT —  ■  n 

(3*524) 

ir  b 

L  sin  S  o<  — 1 

6  X 

B(8)  *»  ~ 

Tl  & 

n-(^)2  fe  ^(tf-jb')  +  (i-8)  yae^lb-b'l) 

(3-52e) 


-  ~  e  irf  (ySTTO-  (1-8)  2if  (^Tb^ryl 

{r  3  yr  c  3  J 


\tn V 


Ilf0  ( 


^  -4 


dt  =  1  -  Irf  (x) 


and 


1  I  1  o 

P  «  2  ’  '  2  "  0 


Ihe  capacitive  correction  Bc/Y0  if  obtained  from  fee  term  of  Bq..  (3. >3), 
bat  ie  not  the  Waveguide  Handbook  result  for  a  capcitive  elot  sinc*>  the 
field  choice  ie  only  Tery  approximately  *ue  true  capacitive  field.  Tov- 
ever,  for  values  of  a'/*,  approaching  urity  the  value  of  B^/l0  ouet  approach 
that  for  a  vide  open  capacitive  iris,  vhile  for  smaller  a' /a  values  the 
rm  Bc/T0  becomes  relatively  unimportant,  and  the  term  (1/8)  B^/Iq  becomes 
ninant.  7or  these  reasons,  it  is  appropriate  to  replace  the  Bc/l0  of 
Bq.  (3*52c)  by  the  Waveguide  Handbook  result  for  a  capacitive  iris  for 
application  in  Iq.  (3*52a)*  The  above  results  are  valid  when  8>&-/ Jrr  a./tj 
«2  since  the  asymptotic  expansion  of  Ep  (k  3b1)  1*  not  valid  for 
smaller  values.  When  pro. 9  the  correction  terms  other  than  Bc/T0  may  be 


neglected.  The  contribution  of  L(g)  it  alvays  lets  than  20  percent 
end  usually  1ms  than  10  percent,  so  that  for  rougji  calculations  a 
■ach  simplified  expression  can  he  used. 

the  Slot-Coupled  1  Plana  tee 

a.)  Impression  for  (H^  +  B^/2) 


Iron  energy  considerations  alone  it  nay  he  seen  that  the  suscep- 
tance  of  a  transverse  aperature  is  closely  related  to  B.  +  3^/2  of  a  longi¬ 
tudinal  slot*  Xt  has  been  shown  that  the  susceptance  of  any* reactive 
circuit  oonponmt  is  equal  to  the  rate  of  change  of  stored  energy  divided 
hy  the  mquare  of  the  voltage*  In  the  case  of  the  slot  apertures  the  stored 
energy  depends  upon  the  slot  electric  field  and  the  surrounding  boundaries. 
When  an  1  plane  slot  is  excited  hy  a  aymnetrle  current  source  the  clot  field 
induced  le  very  similar  to  the  field  induced  in  the  transverse  slot.  This 
is  true  at  least  for  slots  whose  dimension  parallel  to  the  long  dimension 
Of  the  guide  croes-section  le  not  too  small.  The  boundary  of  the  region 
surrounding  the  slot  in  both  cases  ie  also  seen  to  be  fairly  similar,  the 
major  difference  being  that  in  the  case  of  the  transverse  slot  there  is  the 
metal  boundary  of  the  upper  and  lover  vail?  of  the  guide  while  in  the  case 
of  the  longitudinal  slot  there  le  no  equivalent  boundary,  but  rather  a  guide 
1*1  ch  extends  to  infinity  in  both  directions.  The  stored  energy  of  the 
lover  order  modes  is  more  affected  by  the  difference  in  the  boundary  condi¬ 
tions  than  is  ths  stored  energy  of  the  higher  order  modes.  Thus  it  is 
expected  that  the  higier  mode  correction  to  the  vide  open  slot  susceptance 
for  H.  +  1  /g  vill  be  almost  identical  for  the  two  cases  -  The  major  differ¬ 
ence  in  tbl  susceptances  should  be  accounted  for  by  the  difference  in  the 
eusceptance  of  the  vide  open  slots,  where  (1,  n)  modes  alone  are  excited. 

The  mathematical  justification  of  this  can  be  seen  by  comparing  the  hlgier 
mode  components  of  the  transverse  and  longitudinal  spatial  susceptances. 

In  the  former  case,  terms  involving  X  jiT-  |y  +  y1  |J,  vhich  accounts  for 
ths  images  due  to  the  top  and  bottom  wall,  appear  as  veil  as  X  £  |y  -  y’  j  ^  • 
In  the  latter  cats,  only  terms  involving  Xo[Hz  -  IH  occur.0  It  is 
recognized  that  the  X  £  |y  -  y*  |J  in  general  results  in  a  contribution 
vhich  le  greater  than°the  contribution  of  XQ£b  -  |y  +  y1  | J,  so  that  if 
tsma  involving  the  latter  expression  vers  neglected  the  higher  mode  stored 
energy  of  the  longitudinal  slot  vould  be  equal  to  the  higher  mode  stored 
energy  of  the  transverse  slot  provided  ths  slot  field  choice  vas  the  same. 
The  (x,  *)  coordinates  of  the  longitudinal  X  plane  slot  correspond  to  the 
(x,  y)  coordinates  of  the  transverse  slot. 

lor  the  range  of  aperture  sizes  a 0.5,  b'/b<  0.5,  the 
reeulta  of  the  traneverse  slot  vere  obtained  by  justifiably  neglecting  the 
image  tezma  of  the  upper  and  lover  walls.  The  correction  term  to  the  vide 
open  alot  result  is  given  in  liquation  (3»5l)* 
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The  induced  electric  field  is  In  space  quadrature  with  the  inducing  Baguette 
field  and  should  satisfy  the  saae  conditions  as  did  the  transverse  slot 
which  was  similarly  excited.  Hot#  that  in  order  to  satisfy  Maxwell's  equa¬ 
tions  and  the  boundary  conditions  a  hi  component  field  wust  be  excited,  but 
for  this  range  of  aperture  si  see  it  is  assumed  that  by  far  the  major  con¬ 
tribution  to  the  variational  result  comes  from  a  single  component,  namely, 


(3-54) 


whi-u  is  the  same  field  as  that  chosen  for  the  transverse  slot,  from 
Squation  (3.29) 


The  first  term  is  the  ratio  of  the  rate  of  change  of  stored  energy  In  the 
main  guide  to  the  dominant  mode  voltage  across  the  slot  at  the  center  line, 
and  the  second  term  is  the  ratio  of  the  rate  of  change  of  stored  energy  on 
the  stub  guide  side  of  the  slot  (when  the  slot  is  radiating  the  radiation 
pover  is  included  in  this  term)  to  the  same  voltage.  Since  it  has  been 
stated  that  the  contribution  from  both  (m,  n)  terms  are  the  same,  it  is 
possible  to  add  them  together  to  be  Just  twice  the  higher  mode  contribution 
of  the  second  term.  The  denominator,  the  square  of  the  voltage,  differs 
from  the  voltage  across  a  transverse  slot  because  of  the  factor  (coiXz). 
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If  the  substitution  ( see  Xquatlons (3.28a)  and  (3*30)) 
ffu  •  h(l)  48  (2f) 


ac  - 


•  h  48  (Tt) 


(3.56) 


is  ssd%  ii  it  possible  to  obtain  tbs  expression  given  abort  relative  to  the 
ctaaraoteristio  admittance  of  the  main  guide.  Thus 


A  V  _  Ma-fe,  ♦  ijJ*  ”  881  +  Ksa. 


2  / _ u  a  \ 

”0  < r  ♦  #> 

0  0 


A  <V‘ 


(3.57) 


idiere  3*  /l  is  given  in  Xquation  (3*31)  fox'  *  slot  located  transversely 
in  a  gulUirof0ths  same  dimensions  as  the  main  guide.  The  first  tem  on  the 
right  hand  side  of  Iquatlon  (3*57)  ie  the  normalized  susceptance 
(B./T  ♦  B  /2I  )  when  a' /a  »  1,  and  can  be  found  in  the  Waveguide  Handbook. 
Since0  *  0 


B. 


+  B 


and 
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corr. 
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corr. 


0  *.f.i 


(3.5s) 


it  is  possible  to  express  the  result  as  a  correction  to  the  transverse  slot 
result,  i.e.,  ~ 


2  A  .  "t  .  J  (^b  .  "a  x  ~t 

nc  (r+2T}  -r*  vtT  +  w)  "t: 
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(3.59a) 


rml- 


Tor  the  field  choice  indicated  in  Equation  (3*5^) 


-  j?<^> 


(3.391>) 
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When  the  X  plane  elot  dlaenelons  are  In  the  range  a'/*  ^0.5. 
all  b* ;  and  a’/*^0»5.  b'/v>  0.5,  the  elot  electric  field  induced  by 
symmetric  current  excitation  ie  chosen  to  he 
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raj 

2a 


a1 

a 
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which  ie  the  ease  field,  except  that  now  the  direction  is  appropriate  to  a 
elot  on  top  of  a  guide,  that  was  choaen  for  tho  transferee  slot  of  the  ease 
dimensions.  For  this  slot  range,  there  are  two  slight  nodlfi cations  of  the 
previous  results  indicated  in  Xquation  (3. 59*).  Che  involve*  taking  into 
account  the  lack  of  the  top  and  hot  tan  well  image  terns  in  the  main  guide 
spatial  susceptance,  and  the  other  is  to  directly  calculate  the  wide  open 
slot  result  for  this  field  choice.  The  higher  sods  component  of  the  longi¬ 
tudinal  dyadic  susceptance  can  he  written  as 


B1*  -  B*  -  Bt 

/isHm.  ivBU 


(3.61) 


where  JlT  indicates  the  Image  correction.  It  is  necessary  only  to  calculate 
separately  at  this  point  the  contribution  of  the  Image  correction  and  sub¬ 
tract  it  from  the  result  of  Xquation  (3  *59*}.  Thus 


2  /fh  Ba  \ 

nc  (r  +  ir} 


B 


B 


0  2Yo 


_t  +  + _  ri) 

T  *  *Y  *  2T  I  'a* 
0  o  0  0  £-» 


0r*i  %  ««' 


(3.6a) 


B./l  is  given  in  Xquation  (3*52).  With  the  field  choice  of  Xquation  (3»60)» 
t  0 


B.  B 


<r +  £■>..  ■ 

0  0  — =1 


i  Bt 

1  (-1) 

?  'Y  'a' 

2  X0  —  =«1 

& 


(3.63) 


Note  that  this  expression  in  this  form  indicates  the  separate  contributions 
of  the  main  guide  and  the  stub  guide  energies  to  the  wide  open  slot  suscep¬ 
tance.  The  last  term  of  Xquation  (3.62)  has  been  calculated  and  is  equal 
to 
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(3.6*0 


i&ere  L  (b'/b) 
la  changed  to 


la  defined  In  Equation  (3.52a). 

,2  /*t' 

2  Bin  (“ 

«  mm 


) 


(Hfcly 2 

v  2  ; 


Tor  thla  field  choice,  &Q 


(3.65) 


Theaa  reaulta  hare  been  obtained  on  the  baala  that 


(b  -  v)  ^  (**3  |b  -  b«  |)  <<  i/*3 


which  la  true  If  |b  -  b'  |  la  not  too  close  to  zero,  ao  that  the  reaulta  of 
Equation  (3»#0  are  etrictiy  valid  only  when  b?/b  £0.9.  Tor  b'/b>  0.9, 


2  ,fb  Ba  x 

*c  +  21 
0  0 


(3.66) 


where  n  la  the  auaceptance  of  a  transverse  Inductive  slot  of  width  a ' ;  and 
where  the  latter  term  of  the  above  express ion  may  be  obtained  from  data  in 
the  Waveguide  Handbook. 


b.)  The  Shunt  Element,  B  . 

_  & 


The  auaceptance  B  la  obtained  by  using  the  bicomponent  field  of 
Equation  (5.^6)  in  the  variational  expreeeion  Equation  (3>24).  The  dyadic 
special  admittance  of  each  guide  has  been  approximated  by  the  *quaai-Btatic* 
half  apace  spatial  admittance  In  the  aperture  y  ■  y'  »  b,  i.e.. 
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_ 1 _ 

/(i  -i<)2  +  (i  - 1')2 


(3.67) 


The  justification  for  this  approzimation  la  aa  follow* .  Tha  golds  spatial 
susceptance  a ay  be  represented  rigorously  by  tha  half  agaca  susceptance 
plus  a  co  n  a  tan  t  pins  a  poire**  aeries  in  r  and  r  where  r  con  tain  a  taros  of 
tha  font  (z  +  z' ) »  '•  *  +  *')•  Slnea  tha  alot  field  for  this  ease  la  anti- 
symmetrical  within  the  slot,  all  aren  power  terms  cancel  in  the  Integrations. 
Tha  contribution  from  tha  constant  correction  tern  therefore  vanishes  and 
It  tuna  out  that  tha  major  contribution  la  Just  from  the  static  taro,  As 
seen,  the  cosine  factor  of  Xquatlon  (3.40)  la  made  unity  in  Xquation  (3.67). 
This  la  Strictly  valid  only  for  snail  slots,  but  it  turns  out  that  the  re¬ 
sult  for  the  susceptance  using  (3.67)  differs  little  from  that  obtained 
when  the  cosine  tent  is  included.  When  the  integrations  are  carried  out, 
the  following  expression  represents  the  major  portion  of  the  result! 


1  ♦  -  <r> 

(3-68) 
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c.)  Main  Guide  and  Stub  Guide  of  Different  Cross-section 

The  change  in  cross-section,  i.e.,  when  the  stub  guide  dimensions 
are  different  frost  those  of  the  main  guide,  dose  not  introduce  any  new 
difficulties.  The  parameter  (B^  4-  2j 2)  is  determined  from  the  rate  of 
change  of  higher  mode  stored  energies*!^  the  two  guidt,  drt  to  a  given 
field  in  the  slot  when  this  field  is  Induced  by  4  symmetric  current  ezeita- 
tion*  If  the  field  induced  in  the  slot  is  independent  of  the  stub  guide 
(an  assumption  which  is  reasonable  as  long  at  results  an*  obtained  varia- 
tionally),  the  rate  of  change  of  stored  energy  in  the  main  guide  is  also 
Independent  of  the  stub  geometry.  The  rate  of  change  of  energy  stored  in 
the  stub  guide  may  be  obtained  directly  from  transverse  slot  considerations, 
since  the  longitudinal  slot,  relative  to  the  stub  guide,  is  a  transverse 
discontinuity. 

The  ausceptance  parameters,  for  symmetric  magnetic  field  excita¬ 
tion,  relative  to  the  main  guide  characteristic  admittance,  lor  a  change 
in  cross-section,  are 
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J<r*=r> 


Toary 


i0(ar)‘ 


(3.69) 


where  P  i«  the  rate  of  change  of  stored  energy  in  the  main  guide,  and  P 
is  the  rate  of  change  of  stored  energy  in  the  stub  guide*  This  equation*ls 
the  symbolic  equivalent  of  Xquation  (3*29)  •  The  susceptance  of  a  txans- 
Terse  slot  located  in  a  guide  of  the  dimensions  of  the  stub  guide  is 


(3.70) 


and  is  known.  T  is  the  dominant  mode  Toltage  excited  in  the  stub  guide  by 
the  aperture  field.  Thus  Xquation  (3.69)  can  be  written  as 
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f  T 
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(3.7D 


where  the  turns  ratio  n  »  2T/V  ,  B  /l  is  the  susceptance  of  a  trans¬ 
verse  slot  located  in  tftl  stub  g?kde,  ana8!}/  is  the  contribution  of  the 
main  guide  to  the  series  element,  as  indicated  in  figure  3*H»  ®^e  figure 
expresses  the  four  terminal  equivalent  circuit  obtained  by  symmetrical  main 
guide  maffietic  field  excitation  in  terms  of  the  notation  of  Xquation  (3.71) * 

If  the  B  / T  terms  are  dropped  from  Xquation  (3*7^) 1  1*  can  be  rewritten  as: 
a  0 


(3.72) 


I 
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Figure  3.11 

The  susceptance  element  B/7 it  determined  from  the  rate  of  change 
of  otored  energy  in  the  main  guide  alone,  and  it  to  a  first  order  indepen¬ 
dent  of  the  change  in  stub  guide  dimensions,  since  it  is  ass  lined  that  the 
form  of  the  slot  field  remaim  unchanged.  Thus,  B^/Tq  may  he  obtained 
singly  by  subtracting  the  stub  guide  susceptance  (Contribution  from  !l/Y 
according  to  Equation  (3*72),  or  by  using  Equation  (3 .71)  in  a  similarly 
appropriate  maimer.  In  this  say,  once  B^/ T  is  knovn  for  a  given  slot  size, 
the  value  of  B. /l0  1b  obtainable  readily  fo?  any  stub  guide  size.  An  ex¬ 
plicit  expressionror  B^/T  is  given  in  Section  E.  The  equivalent  circuit 
for  the  complete  Tee  Is'*' shSsn  in  Figure  3*12. 


Figure  3.12 
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If  the  long  dimension  of  the  stub  guide  it 

dimension  d,  then  the  turns  ratio  n  is  given  by 

cs 


c  *nd  the  short 


J2 
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e  d 

a  b 


(3.73) 


A.  thick  slot-coupled  X  plane  Tee  can  be  considered  as  a  length 
of  guide,  equal  to  the  slot  thickness,  connecting  an  X  plane  Tee  Junction 
and  a  transverse  slot  which  Is  simply  a  change  in  cross-section.  The  Tee 
Junction  referred  to  is  shown  In  figure  2.9  (b),  and  is  seen  to  be  a  special 
o&se  of  the  type  of  Tee  considered  above,  namely,  then  the  stub  guide  cross- 
section  dimensions  are  identical  to  those  of  the  slot  Itself.  The  suscept- 
ance  B./T  for  this  case  is  to  a  first  order  equal  to  zero,  so  that  from 
Xquatlon  -72) 


(3*7*0 


where  the  subscript  J  is  added  to  signify  "Junction",  in  accordance  with 
the  notation  of  Part  II.  The  expression  (3*7*0  for  the  turns  ratio  n 
now  becomes 


(3*75) 


The  parameter  B  /Yq  is  assumed  unchanged,  because  the  energy 
stored  in  the  waveguide  structure,  when  the  slot  is  excited  by  a  symmetric 
voltage  source,  is  in  th3  immediate  vicinity  of  the  aperture  and  is  rela¬ 
tively  unaffected  by  the  presence  of  the  walls.  For  the  case  of  a  Tee 
Junction  it  would  seem  that  the  proximity  of  the  walls  of  the  stub  guide 
to  the  slot  should  alter  the  value  of  B  /I  ,  but  it  is  probably  still  true 
that  the  half  space  dyadic  suscepcance  Is  a  good  approximation  to  the  guide 
dyadic  susceptance  in  the  variational  integrals,  thereby  only  slightly 
influencing  the  B  /l  value. 

ft  0 
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4,  Transverse  Slot  Bad  la  ting  Into  a  Half  Space 

(H.  Kuril) 

Vh«n  considered  as  a  wtregoi.de  termination,  the  equivalent  cir¬ 
cuit  for  a  transverse  slot  mdiating  from  the  end  of  the  guide  into  a  half 
rpace  is  a  tw>  terminal  aettork.  The  admittance  clement  T  a  9  +  J  B 
consists  of  a  radiation  conductance  in  parallel  with  a  sus£eptafce,  asr 
shorn  in  Figure  3*13* 


GUIDE 


HALF 

SPACE 


(o) 


t 

(b) 


Figure  J.13 


In  a  manner  somewhat  analogous  to  the  derivations  for  the  other 
variational  expressions  given  above,  the  variational  formulation  for  this 
admittance  element  is  obtained  as  I 


9  +  j  B 
r  r 


ffidsJJdS1  n  x  I  (i)-(7g  +  jgh)>  R  x  j.  (r1) 
r/jfdS  ail  (r)  •  h  (r)  j  ^ 


(3.76) 


where 


=  J 


1  <i> 


imaginary  dyadic  spatial  guide  admittance, 
complex  dyadic  spatial  half  space  admittance, 
the  slot  trial  electric  field. 


The  slot  electric  field  may  be  considered  real  in  the  variational  expres¬ 
sion  since  ary  complex  amplitude  factor  which  is  independent  of  space  co¬ 
ordinates  cancels  out.  It  is  readily  demonstrated  that  both  9f  and  3^ 
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are  stationary  about  tha  correct  slot  electric  field  which  satisfies  the 
integral  equation 

I  h  -  dS«  (y^  ♦  yh)  •  n  x  I  (r«)  (3.77) 


where  1  is  the  complex  current  corresponding  to  the  real  field  1  (r1)* 

It  is  convenient  to  decompose  the  admittance  element  represented 
by  Xquation  (3.76)  in  a  manner  analogous  to  those  express  ions  given  earlier 
for  the  transverse  slot  end  the  elot-covqsled  E  plane  Tee  as 


T  - 

r 


(3.76) 


where  P^  is  the  rate  of  change  of  stored  energy  in  the  waveguide  side  of 

the  aperture^  and  P.  is  the  rate  of  change  of  stored  energy  in  the  half 

space  plus  an  additional  quantity  which  is  a  measure  of  the  radiated  p^wer. 

The  imaginary  part  of  T  ,  l.e.,  the  shunt  susceptance,  is 

r 


(3.79) 


It  is  recognized  that  the  first  term,  which  is  purely  reactive,  is  half  the 
susceptance  of  a  transverse  slot  of  the  same  dimensions;  the  second  term  is 
the  susceptance  calculated  by  using  the  Imaginary  part  of  the  half  space 
spatial  admittance.  The  twe  terms  are  almost  equal  for  email  slots  since 
the  guide  spatial  admittance  then  car  be  approximated  by  the  half  space 
kernel  as  shown  in  Equation  (3<^0)  • 


The  radiation  conductance  0^  (which  is  also  equal  to  Gf)  is  I 


°h 


Re 


Be 


(3.80) 


and  is  the  term  contributed  to  the  variational  expression  (3*7^)  by  ilvj 
dyadic  half  space  conductance  so  that 

Jj dS  ff&S*  n  x  E  (r)  *  n  x  E  (j*1) 


n  x  E  (r)  *  h  (r)^j 


(3.81) 


97 


•here 


ft  -  2JU  +  ?4-) 

2ft  .2  I  _ 


JLZ 


r  -  r' 


It  my  be  ehomn  that  the  insertion  of  any  trial  electric  field 
In  (3.81)  different  from  the  true  electric  field  yields  a  Talus  of  \ 
greater  than  the  true  Talus.  This  statement  at  sixes  both  that  the  correct 
Green's  function  is  used  and  that  the  integrations  are  evaluated  exactly. 
This  minimum  property  for  the  conductance  can  be  derived  simply,  1  once  It 
is  shorn  that  the  insertion  of  any  completely  arbitrary  aperture  electric 
field  in  (3*81)  always  yields  a  positive  result  for  QL  .  This  is  sufficient 
since  this  proof  for  the  minimus  property  InTolTes  the  insertion  of  a  dif¬ 
ference  field  into  the  nmerator  of  the  Tarlatlonal  expression.  The  differ¬ 
ence  field  being  the  difference  between  the  trial  and  the  exact  aperture 
fields.  A  proof  that  the  result  of  Iq.ua tion  (3*81)  is  positive  for  arbi¬ 
trary  aperture  electric  fields  is  given  below.  The  proof  given  here  is  only 
one  of  several  that  could  be  given,  and  is  certainly  not  the  simplest  of 
then,  but  is  most  direct  in  that  it  involves  the  real  part  of  the  half  epace 
spatial  snsccptance  itself. 


The  transverse  component  of  th*  half  space  dyadic  conductance  in 
the  plane  %  a  s'  «  o  is! 


(3*82) 


idiere 


(a).  .  ai(«.  »lp  *  li  -  il 
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v%m  i -h*  i-b 

|r  -  r"  |  .  /~(x  -  i')2  +  (r-y1)2 

O 

let  us  utilize  certain  integral  expressions,  namely, 
sin  k  |r  -  r* 1  C  J  ( |y  -  y1  I  t)  cos  t/k2  -  t2  '  (x  -  x*) 


r  -  r' 


/ 


t  dt 

(3.83) 


See,  for  example.  Miles,  J.W. ,  "Plane  Discontinuities  in  Cylindrical 
Tubes",  J.  Acous.  Soc,  Am.,  1£  ,  259  ~271»  (Jan  ’  yto) . 

2  Tfatson,  G.N.,  "A  Treatise  on  the  Theory  of  Bessel  Junctions",  1922, 

p,  4l6. 
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and 


J0  ( ly  -  y’ 


t) 


2  f  eot  »  (y  -  y*: 

"4  fTTT 


d  v 


(3-8*0 


These  two  result*  can  be  combined  Into  the  expression! 

k  J# L? 


■in  k  lr  -  r 

!r  -  r'  i 


£  j  dt  cos(x-r')t^ 


cos  (y  -  y1)  »  d  v 
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2  2 

k  -  t  - 


(3-85) 


The  dependence  of  the  Integrand  upon  the  priaed  and  unpriaed  co-ordinates 
can  he  exhibited  in  a  symetric  product  idien  the  parameters 


D  *  x  t  -  y  rr 
D1  s  x'  t  -  y'  w 


S  •  x  t  +  y  v 
S'  »  x1  t  ♦  y1  w 
are  introduced,  for  then 

2cos(x-x')t  cos(y-y')w  *  cosDcobD1  +  sinI)si.^I>,  +•  cosScosS1  +  sinSsinS1  . 
▲  typical  reim  in  the  conductance  expression  (3-81)  then  becomes! 

K)  “I  7=;  [l-  *  f  W  W  +  (1- 


where  Cjj(X^)  * 


(3-86) 


^ l^x.y)  cos  D  dx  dy 
»  i  II (x,y)  +  i  *  (x,y) 

X  y 

X  s  aperture  field 
K  xx  a  positive  number. 

O  O  O 

However,  since  r  +  t  ^  k  it  is  easily  shown  that  the  integrand  is 
positive  for  non-vanishing  X  (x,y)  and  I  (x,y) .  The  conductance  is 
essentially  the  sum  of  such  typical  terms  and  is  consequently  also  positive. 
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ibid,  p.  43. 
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la  implied  by  Iquation  (3*73)  •  the  susceptance  of  the  transverse 
radiating  slot  of  figure  3»13»  relative  to  the  characteristic  admittance 
of  the  waveguide,  is  composed  of  two  parts,  namely. 


(3.*7) 


Thie  breaks  follows  naturally  from  the  variational  expression  (3*7^)*  The 
first  ten,  B^/ 21  ,  is  half  the  suaceptance  of  a  transverse  slot  of  the 

sane  aperture *&lmena ions  within  the  waveguide,  and  was  calculated  in  2)  of 
this  section.  The  second  ten,  which  involves  the  imaginary  part  of  the 
half  rpace  spatial  admittance,  depends  solely  on  the  stored  energy  in  the 
half  space  region,  and  is  given  by: 
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o 


Wm  .  I  (r)  *  B^  *  n  X  1  (x*)  dS  dS1 

T0  //“  x  *  (l)  *  h  (*)  d8  J 


(3-M) 


where 
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S<r.« 
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The  mode  function  h  (r)  involved  in  the  denominator  applies  to  the  wave" 
guide  region,  and  is  that  of  the  dominant  mode  therein,  thus  permitting 
normalisation  of  B,  to  that  mode.  Identical  considerations  apply  to  the 
expression  (3*^1)  tor  ,  where  both  sides  must  be  divided  by  I  *9t /®  H 
to  complete  the  normalization.  0 

The  trial  aperture  electric  field  I  (r)  for  expressions  (3»8l) 
and  (3.88)  waa  chosen  as 

!«*  Zo  co,  5?  (3,89) 

where  the  origin  of  coordinates  lies  at  the  center  of  the  slot,  fhe  choice 
was  dictated  largely  by  the  ability  to  evaluate  the  resulting  Integrals. 
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The  trial  fields  (3*^7)  (3**^)  used  the  evaluation  of  B^/l  , 

althou^i  expected  to  he  slightly  sore  accurate  than  that  of  (3.8^f,  led 
to  integration  difficulties. 

If  the  geometry  of  the  transverse  radiating  slot  is  as  shown  in 
the  solid  lines  of  Figure  3*1^.  then  the  equivalent  circuit  is  similar  to 
that  shown  in  Figure  3«13«  hut  the  normalization  desired  is  to  the  slot 
waveguide  characteristic  admittance  YQ'  ,  rather  than  that  of  the  main 
waveguide,  IQ.  Figure  3*1^  illustrates  a  possible  application  as  a 
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Figure  3*1^ 

portion  of  a  thick  slot.  In  order  to  obtain  normalization  to  T  1  ,  the 
term  YQ  in  expression  (3.88)  is  replaced  by  T  1  =  */m  p.  ,  where  7€  * 

is  the  propagation  wavenumber  of  the  slot  guide,  and  the  mode  function  h 
in  the  denominator  is  replaced  by  h'  ,  corresponding  to  the  dominant  mode 
in  the  slot  guide.  Similar  considerations  apply  to  the  expression  (3*81) 
for  the  conductance.  Comparison  of  the  expressions  involved  shows  that 
T /T  for  the  slot  of  Figure  3.13  is  related  to  Y  /Y  '  for  the  slot  of 
Figure  3.14  by 

Y 

r 

Y 

0 

where  the  expression  fo*  n^  involves  the  ratio  of  the  denominators  and  is 
defined  in  Equation  (32b)  of  the  Final  Report,  Chap.  VI.  For  the  special 
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nt  0 


(3.90) 
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case  of  the  trial  field  of  Equation  (3.89),  the  B./ 21  '  tens  vanishes 
since  the  trial  field  is  then  the  dominant  mole  field0 of  the  slot  guide 
and  is  orthogonal  to  all  the  higher  modes  constituting  the  guide  spatial 
susceptance.  Furthermore,  the  expression  for  n?  is  than  given  directly 
by  Equation  (35)  of  the  Final  Report,  Chap.  YI.  Since  the  direct  mare- 
guide  contribution  vanishes  for  the  T '/Y  '  term,  and  the  geometry  involved 
is  that  of  a  junction  between  the  slot  guide  and  the  half  snace,  the  quan¬ 
tity  Y will  be  denoted  by  T^/T^*  . 

The  evaluation  of  the  integrals  Involved  in  the  variational 
expressions  (3. 81)  and  (3*88)  are  now  discussed.  The  differentiations 
involved  m  the  half  space  dyadic  susceptance  are  readily  removed  by  an 
integration  by  parts  procedure  as  shown  in  the  Final  Report,  Chap.  YI,  p.  4. 
The  remaining  quadruple  integrals  are  directly  reduced  to  double  integrals 
when  new  variables  x-x'  ,x+x'  ,  y  -  y‘  ,  y  +  y’  are  introduced.  This 
leads  to  the  egression: 


§  =  ”t  (x  -  x»)  ,  ^  <y  -  ; 

p 

and  n^  is  given  in  Equation  (35)  of  Chan.  VI  of  the  Final  Report.  The 
integrals  are  evaluated  by  approximating  the  integrands  by  the  first  few 
terms  of  a  convergent  power  series. 
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Vh «n  r  *  b’/a'  Is  greater  than  unity  the  first  integration 
involves  the  evaluation  of  the  integrals 


r  tt  ________ 

E.  -  f  (r-^)  2  *■  d *» 

1  -/  "  r 5 r  7 


r  it 
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/777? 


4>  *  fJ0(C«> 


00 
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COS  C  Js  2  4»  »  2  ' 
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d?  -  -  i  T0  <c*> 


an  integration  by  parts  results  in! 


-T^2— f 


r  tt 


y  sssaJJiIi  _  4? 


CD 


r  tt 
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.  XJI  y  (Cl)  +  .  +  r  f  Bin.c/^2  ♦ 

2  o  ♦  c  TT  *  C  J  2 

oo  * 


Watson,  0.  K«,  loc.  cot.,  p.  180 


103 


104 


Upon  allowing  «  to  approach  zero  one  obtain* 
tt 

t  eln  t  4t  ■  Hn  ti  +  C1(tt)  - 
o 

where  fny  ■  *5772 - 

The  final  expression*  for  the  admittance  parameter!  are! 


°h  \  **  1 

T  X  4tt  b'2 


i-(r>2 
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(coe(kb')-  +  H1  Si(lcb 
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-  (J-l-S)  a'2  |“*  cog(k'bl)  ♦  -  kb'  Si(„)]j 


(3.92a) 
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T  b«a'2  16 
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1  -£>2 

=0.(2  2;) 


-|2  r_ 


2  .  „  5l(n)  + 

r  (rn)2  J 


♦  <ai>2 


.  (e!^8)  =04^ 
*  2it2  (r  tt)2 


+  (W 

X 


N  -  (^=-2)  A 
2  2n2 


T  (3.920) 


where 


r.  £  ;  k.  a  ;  i.  «(»•)  -  21^. .  x  .—A--. 
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and 


_  <»!(*)  ♦  3  Hn  (y)  -  IT2  fh  tt  J  ■  -  .3*^2 


■  ~  pW  -  ^  (1  -  A  tt)  -  J  -  £  (C1(tt)  -  Jh  tt)J  ®  .1632 

The  only  restriction  in  these  results  is  that  r  =  b’/a*  is  greater  than 
unity.  Tor  this  reason,  the  terns  hare  been  arranged  so  that  men  b* 
remains  finite  while  a*->  o  then  only  the  first  term  in  the  braces  is 
significant. 

When  the  aperture  area  becomes  vanishingly  mall  (a’-»  0  and  then 
b1  — >0)  the  conductance  becomes 


0^  2rr  X  ab 

r  -  t  ir 


(3.93) 


0  3  xJ 

in  agreement  with  the  result  obtained  in  the  Final  Report,  Chap.  VI ,  p.  22* 

When  the  slot  width  is  a1  «  X/2  (a  half -wavelength  slot)  the 
admittance  computation  becomes  simplified.  The  first  integration  involves 
the  evaluation  of 


Cg  (^  ,  n) 


C  sin  f 


J 


cos 


nn 


t ^ 
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sin  f  sin 


£nz 


ds 


I  2  2 

/  S  +  ? 


.6 


Upon  changing  variables  one  can  evaluate  these  as  I 
CB  (V  tt)  »  i  +  tt)  ♦  Si(/r2  +  ^  -  tt)J  -  Si(ly  ) 


Tables  of  Generalized  Sine  and  Cosine  Integral  Functions,  Harvard 
University  Press,  19**9,  p.  XIV. 
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(3.94a) 
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where  no  approximations  have  "been  made  as  ye t  In  the  integrations.  However, 
for  a  half-wave  slot,  r  a  "b* /a.*  Is  always  less  than  unity,  and  for  this 
range  of  values  the  above  expressions  (3*9*0  c&e  be  well  approximated  byt 


For  the  special  case  of  a*  .3  ,  b  =  .4  ,  X  a  1.26  these  reduce  to 


=  .769  -  ,6*. 2  b'2  (3.96a) 

*c 

\ 

I 


448  -  1.04  b» 


(3.96b) 
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Vhaan  r  *  "b* /«.*  it  lest  than  unity  the  integrations  are  Bore 
difficult.  The  firvt  integration  involves  the  evaluation  of  the  integrals; 


To  evaluate  these,  the  range  of  integration  is  broken  up  into  0  and 

g  ^  I  ^  n  where  r  tt  <5  .  In  the  range  f  tIie  approximation 

/7771 »  §  +■  “  is  used,  while  in  the  range  0  <  5  <  s  the  *®all 

argument  approximation  for  the  trigonometric  functions  is  used.  A  check  on 
the  Integrations  is  provided  by  the  fact  that  the  terns  containing  $  must 
cancel  since  the  original  integrals  are  clearly  independent  of  $  .  The 
integrations  proceed  essentially  in  the  fashion  described  in  the  Final 
Report,  Chap.  VI  p.6.  After  the  integrals  I.  to  Ig  hare  been  approximated 
in  terms  of  powers  of  and  j£n  ^  all  that  remains  is  the  evaluation  of 
standard  integrals  between  definite  limits.  Upon  collecting  results,  one 
can  express  the  final  admittance  parameters  as  follows. 


Ci  Ika’-rr  |-Ci(ka'+rr)+  j?n  | 


ka’+TT 

ka’-rr 


*  °o 


(3.97»> 


viie  re 
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2ir/X»  -  / 1  -  (X/2»')2 

fir  a 


k2  -  (it/a)2 


1  ab  Fit  1  -  (a1; 

2  *  a'b*  T*  co«  (it  a1] 

n+  L 


▲  single  formula  for  the  conductance  can  be  obtained  which  in 
ralid  for  all  aperture  sixes,  and  which  differs  from  the  accurate  expres¬ 
sion*  by  10  percent  at  moat,  thl*  greatest  error  occurring  for  the  vide 
open  aperture.  Agreement  Is  excellent  for  small  aperture*.  The  expres¬ 
sion  la! 


\  a.  x  ak  l-(^)2 


3  X- 


-  4i  2~rz 

^4ir  jL1  -  ^4<f>2  * 


.36  (f-)2  j"i  -  .265  <^)2  *  .160  <£-)4J  +  .5-, 6 


This  result  Is  obtained  by  means  of  the  approximation 


(3.9S) 


sin  c/§2  +  1  2 


/?* 


=  c  - 


c3(%2+  n2)  c5(  *2+  ?2)‘ 


c7(  j 2+  72)3 

5,o4o 


in  the  variational  expression  (3*31)  for  the  conductance.  This  formula 
results  in  conductances  which  are  too  small  for  large  apertures  since  the 
last  term  ir  the  series  approximation  for  the  sine  was  negative. 


Ill 


5.  I  Plane  Slot  Badiatlng  into  a  Half  Space 

When  the  E  plane  slot  is  excited  hy  &  symmetrical  current  source 
the  field  set  up  in  the  slot,  to  a  first  order,  is  identical  to  that  for 
the  transverse  radiating  slot,  and  also  that  in  the  slot-coupled  X  plane 
Tee.  The  symbolic  expression  for  the  variational  formulation  resulting 
from  the  above  excitation,  analogous  to  Equation  (3.69),  is 


(3.99) 


where  the  subscript  H  designates  ■radiating",  while  from  Equation  (3»7l)r 
we  have 


(27) 


Pt  T 

—2  -  *0  ♦  - 

x  2 


and  from  Equations  (3-79/ ,  (3*80),  and  (3*56), 


(2V)‘ 


*  ■  <Gh  *  *  V  -3 


(7t)d  2 7 


Therefore,  Equation  (3*99)  is  rewritten  as 

<Vvh  -  t*  <Gh+ j  v-p 


or 


(V* 


j  B^  + 


(3-100) 


(3.101) 


(3.102a) 


(3.102b) 


In  Equations  (3.IO2),  all  quantities  may  be  written  as  relative  to  the  main 
guide  characteristic  admittance  Y  .  The  quantity  B £  is  discussed  in 
Sec.  3)  c.  The  expression  for  n  °is  given  by  Equation  (3,59b)  or  by  (3.65), 
while  expressions  for  B^  and  Sre  given  by  Equations  (3.92),  or  (3*95) 1 
or  (3*97)»  depending  upon  the  range  of  aperture  dimensions.  The  four 
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terminal  equivalent  circuit  for  the  E  plane  radiating  slot  In  terms  of  the 
notation  of  thia  section  la  shown  In  Figure  3  *15. 


The  shunt  susceptance  is  taken  as  identical  to  the  one 

obtained  for  the  E  plane  'Pee,  since  ?he  field  and  geometry  considerations 
are  the  eame  aa  those  in  the  case  discussed  in  Sec.  3)  c.  We  may  also 
write  X  =  -  l/B  since  X  is  large,  and  is  >>R  . 

AAA  0 

Since  the  field  choice  is  real,  i.e.. 


(3.103) 

the  radiation  resistance  R&/ Zq  ,  relative  to  the  guide  characteristic 
impedance,  is 
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where  ot  *  a* /a.  As  oC  approaches  zero,  the  expression  for  B  / Z  reduces 
to  a  0 


ah 

~ 


(3.106) 

1 
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1.  Suamary  of  Results  for  the  Slot  Parameters 

1,  Transverse  centered  slot  coupling  identical  waveguides 

mode  propagating) 


CROSS-SECTION 


SIDE  VIEW  EQUIVALENT  NETWORK 


Results; 


The  slot  considered  is  a  zero- thickness,  centered,  transverse 
aperture  coupling  identical  rectangular  waveguides.  Its  equivalent  network 
at  the  reference  planes  coincident  with  the  slot  contains  a  single  resonant- 
type  shunt  element.  The  susceptance  of  this  element,  relative  to  the  charac¬ 
teristic  admittance  of  the  waveguide,  for  a  slot  of  aperture  dimensions  a1 
and  b1  in  a  guide  of  dimensions  a  and  b  is  given  by  two  expressions,  each 
valid  for  a  different  range  of  slot  dimensions. 

For  the  range  of  aperture  dimensions  b’/b^0.5,  a'/a^0.5*. 
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(3.107) 
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lfcere  jf  »  1.781.  k  Is  the  guide  wavelength  in  the  rectangular  wave¬ 
guide  of  dimensions®*  and  h,  and  k  Is  tho  absolute  value  of  the  guide 
wavelength  for  the  third  (m  ■  3.  0)  mode,  i.e., 


rv  . 

e3 


Bt  b 

r 

0 


where! 


For  the  remaining  range  of  slot  dimensions: 
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(3.108) 
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where  9e_  ■  2  tt/X  _  ,  idiere  X  ,  is  defined  above, 

3  63  63 

ia  the  Beaael  function  of  the  aecond  kind  of  imaginary 
argument ,  and 


a> 


Irf 


"■#  / 


-  t‘ 


dt  »  1  -  Irf  (x) 


Restrictions! 

The  results  have  been  obtained  variationally.  The  two  different 
expressions  for  B^/Y  result  from  the  insertion  of  two  different  trial 
aperture  elect ric  fi8lds  in  the  variational  expression.  For  expressions 
(3*107)  and  (3.102).  the  trial  fields  (3*^7)  and  (3*^8).  respectively, 
were  used.  In  both  cases,  the  spatial  susceptance  utilized  was  the 
modified  guide  one  discussed  in  Sec.  C. 


2.  Transverse  centered  slot  coupling  guides  of  different 
cross-section 


(H^q  mode  propagating  in  at  least  one  guide) 


Q 


CROSS-SECTION 


SIDE  VIEW  EQUIVALENT  NETWORK 
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Results  I 


JLn  equivalent  circuit  referred  to  the  junction  plane  of  the  tvo 
guides  consists  of  an  input  susceptance  B  coupled  by  Deems  of  a  transformer 
to  an  output  series  reactance.  To  a  first  order,  the  series  reactance  is 
zero  and  the  susceptance  is  half  the  sum  of  the  susceptance  of  a  transverse 
slot  in  guide  (1)  and  the  susceptance  of  a  transverse  slot  in  guide  (2) 
coupled  thru  a  transformer  who  Be  turns  ratio  is  n  !  1.  Thus 


or 


B 


1 

2 


<3ss2) 

T01 

r02 

T01 

(3-109) 


where  Btl/*01  and  B  /l  are  given  hy  Equations  (3.IO7)  and/or  (3. 108), 
depending  upon  the  dCnensloTg  of  the  slot  relative  to  those  of  each  guide. 
Also 


c 


The  turns  ratio  n  is  given  hy 
8 


B 


cos  2*1 

_ 2* 

1  -  (f -V 


-  <^)J 


-12 


tt  a 

cos-- 


c  d 
a  b 


(3-no) 


Restrictions; 


These  results  have  been  obtained  by  assuming  that  the  slot  excita¬ 
tion  for  this  case  is  the  same  as  that  for  the  transverse  slot  coupling 
identical  guides,  an  assumption  which  should  be  sufficiently  accurate  for 
engineering  applications. 
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The  susceptance  cf  a  transverse  change  of  cross-section  can  be 
calculated  from  the  above  formulae  directly  since  the  contribution  to  the 
suaceptance  from  the  guide  whose  cross-section  dimensions  are  exactly 
those  of  the  slot  is  almost  zero.  Thus  the  value  for  B  becomes  equal 
simply  to  B  -/2.  The  ratio  of  the  terms  within  the  bracket  in  nZ  contain¬ 
ing  the  dimension  c  becomes  equal  to  4/tt  when  c  »  a* .  8 

3»  Transverse  centered  slot  coupling  rectangular  waveguide  to 
a  half  space. 


SIDE  VIEW 


CROSS-SECTION  EQUIVALENT  NETWORK 


Results  I 


The  equivalent  two  terminal  circuit  is  a  resonant-type  lossy 
network.  The  suaceptance  B  ,  referred  to  the  plane  of  the  obstacle,  is 
partially  determined  from  tSe  formula  for  the  susceptance  of  a  transverse 
aperture.  Tire  relative  susceptance  of  a  rectangular  radiating  aperture  of 
width  a'  and  height  b'  centrally  located  in  a  transverse  plane  in  a  rectan¬ 
gular  waveguide  of  width  a  and  height  b  is 


(3.111) 


where  B,/Y  Is  given  by  Equation  (3*107)  or  (3. 108)  depending  on  the  aperture 
dimensions?  and  where  the  expressions  below  for  B^/Yq  correspond  to  different 
ranges  of  aperture  dimensions. 
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Top  V  >  a'  l 
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(3.113) 
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where 


Qg  (“7)2  *  “4-  (*^)2  jj®1  sin  ka‘  -  cos  tat*  +  2rr2  8_ 

[o  ♦  if  -  A  u^-Jj 

+ f  r~na”+  ”• k®' +  <•*'»') 2  s_ 
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Cl  (lea*  +  tt)  -  Cl  Ika1  -  it ( 


SI  (ka;  +  tt)  -  SI  (ka1  -  tt) 
2tt 


and  the  other  symbols  are  defined  above. 

For  a  half -wavelength  alot,  i.e.,  a1  =  k/z  i 
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rrK  r*  4tt  -i 
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4a  L  3*  J 


(3.U4) 


The  radiation  conductance,  G  /l  relative  to  the  waveguide 
characteristic  admittance,  la  directlyreq8al  to  G. /l  .  The  expression 
for  it,  for  the  range  of  aperture  sizes  for  which  o'^a’  ,  is! 
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For  b'  4a'  I 
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(3*116) 


end 

S  «  Si(ka'  +  tt)  +  Si(ka'  -  it) 

i  ■  AljteJI 

and  the  other  symbols  are  defined  above, 

lor  a  half-wavelength  slot,  i.e.,  a*  =»  X/ 2  l 
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(3*H7) 


L  single  formula  for  the  conductance  which  is  valid  for  all 
aperture  sizes  is: 


6  X  a'b'  32  1  j. 

T5--*j-  ~  -s^i -.37*  <$r>* 
o  X-5  3tt  n* 
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This  latter  expression  differs  from  the  accurate  expressions  aoore  by  10 
percent  at  most,  this  greatest  error  occurring  for  the  vide  open  aperture, 
and  is  excellent  for  small  apertures*  The  error  is  such  that  the  conduc¬ 
tance  Talue  predicted  by  (3. 118)  is  too  low. 


HestrictionsI 


The  results  have  been  obtained  rariationally,  wherein  it  was 
assumed  that  the  form  of  the  slot  field  is  approximately  that  present  in 
the  transverse  slot  within  the  guide.  Actually  the  trial  field  used  was  a 
cosine  field,  and  therefore  slightly  different  from  the  fields  used  for  the 
calculation  of  B./T  •  The  spatial  admittance  used  for  computing  and 

G^/l  aas  the  half  Space  one. 
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Basalt*! 


fhs  equivalent  network  shown  applies  to  the  indicated  reference 
plane*,  and  is  valid  for  a  symmetrical  E  plane  Tee.  The  resonant- type 
•erie*  element  JB.  is  the  dominant  one.  Formulae  for  the  parameters,  re¬ 
lative  to  the  waveguide  characteristic  admittance,  are  given  below. 


**  * 

B  h  X  b*  a' 

^  - f  (— -)2  (— )  .  for  a'/a,  b'/b^<l 

o  >T  h  a 


(3*119) 


(j.120) 


(3.121) 


Parameter  B^/To  occurs  in  combination  with  B^/21  ,  where  the  lat¬ 
ter  quantity  is  given  above.  The  different  expressions  listed  for 
(B.  /Y  +  B  /2T  )  and  for  n  are  applicable  for  different  ranges  of  aperture 
dimensions*  ?8r  a'/a  ~y  O.jj,  b'/b^0.5’. 
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Tora*/a>0.5,  0.5  £  'b*/'b  <0.9  1 
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lor  a'/a  >0.5  ,  b*/b  £  0.9  *. 
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(3.126) 

The  equation  for  n^  is  that  given  by  Equation  13«125)»  Jor  a' /a  >  O.J), 

"b* /"b  3  1.0  .  Equation  (3.126)  reduces  to! 


1  Bt  1  2b 
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(3.127; 


The  equation  for  n  is  that  given  by  Equation  (3»125). 
c 
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Tor  the  eyatole  involved!  The  B^/T  la  the  relative  aunceptance 
of  a  transverse  alot  of  the  same  dimensions  as  that  for  the  slot- coupled 
Tee,  except  where  otL  nd.se  indicated.  Tor  Equations  (3*122)  and  (3*124) 
the  B^/l  raluea  are  given,  respectively,  b7  Equations  (3*I0f)  and  (3*102). 
The  B^/l°  valuea  for  Equations  (3*12o)  and  (3*127)  are  obtainable  from  the 
Waveguide  Handbook.  The  symbols  T(a'/a),  K.  ,  X  ,  ,  and  Erf  of  Equation 
(3.124)  are  defined  in  connection  with  Equation  ^(3*102).  JQ  ia  the  Beasel 
function  of  the  first  kind  of  zero  order. 


Restrictions! 

The  results  have  been  obtained  varlationally  assuming  that  for 

symmetrical  current  excitation  the  field  Induced  in  the  aperture  is  the 

same  as  that  in  the  transverse  Blot,  so  that  it  has  beer,  possible  to 

utilize  the  latter's  results.  To  a  fi~st  order  the  elenent  X  is  zero. 

c 

The  exact  evaluation  of  X  has  not  been  attempted.  The  expres¬ 
sion  for  B  /T  was  obtained  by  uainj  a  bicompcnont  aperture  field  together 
with  the  q^asS-static  half  space  spatial  euscept'.nce. 


It  will  be  noted  that  the  expressions  fcr  (B./T  +  B  /2T  )  ara 

specified  for  a'/a^>  0.5  only.  It  was  anticipated  from  tne  integrations 

that  Equations  (3.124),  (3.I26)  and  (3.I27)  would  be  valid  for  all  a'/a 

valuea,  but  comparison  with  experiment  indicates  poorer  agreement  for 

a'/a  <0.5.  The  probable  reason  for  this  disagreement  is  that  the  field 

assumption  used  for  the  slots  of  larger  1  is  no  longer  valid  for  those 

of  smaller  a'.  The  corresponding  expreswions  in  the  range  of  smaller  a' 

have  not  been  evaluated.  This  restriction  applies  also  to  n,.  ,  but  not 

to  B  /Y  or  X  /Z 
a  0  co 


Centered  symmetrical  slot- coupled  E  plane  Tee.  stub 


of  arbitrary  cross-section. 
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Results! 

The  equivalent  circuit  referred  to  the  indicated  reference 
planes  is  a  aysaieti'ical  aix  terminal  network  with  a  series  arm  equal  to 
1  t  VnCB?.  *  find  a  shunt  aim  equal  to  j  X  .  The  formulae  for  the 
parameter'reSItive  to  the  characteristic  admittance  of  the  main  guide  are 
giv'n  below!  Parameters  X  / Z  and  B  / T  are  g:  yen  by  Equations  ‘3,119) 
and  (3.120),  c  0  a  0 


(3*128) 


Bv /T  is  the  euaceptance  of  a  transverse  slot  in  a  rectangular  waveguide 
of  dllansions  c,  d,  And  is  obtained  from  Equation  (3*10,)  \*\tt  0,5  c, 
b*  <0,5  d;  and  from  Equation  (3. 108)  for  all  other  slot  stssc. 

The  parameter  B g  /T  is  related  to  the  parameter  (B^/Y  +•  B  / 2T  ) 
of  the  slot-coupled  E  plane  T$e  for  viiich  the  stub  guide  dimenBi8ns  ttrj  0 
those  of  the  main  guide  by  the  following! 


B„  3V 

Y  T 

0  0 


r,2  2T„ 

nc  ° 


(3.129) 


127 


where  all  quantities  on  the  right  hand  side  apply  to  the  cate  in  vhlch  the 
stab  guide  is  of  the  same  dimensions  as  the  main  guide.  The  ralu.es  to  'be 
inserted  depend  on  the  slot  dimensions  relative  to  the  main  guide,  and  are 

Sven,  respectively,  by  Equations  (3*122),  (3*124),  (3. 126)  and  (3. 127)  f°** 
^/l  +  B  / 2T  ).  The  value  to  be  used  for  B  / T  is  discussed  in  connection 
with  %heseaequStioss  ;  B  /l  is  given  by  Equation  (3*120). 

fit  0 

The  turns  ratio  n2  is  given  by:  Tor  a*/* >0*5*  b’/b  <0.5! 

cs 


cos  (tih* /2a)  . 

1  -  (a'/a)2 


1  -  (a»/c)2 
cos  (na'/2c) 


cd 

ab 


(3*130) 


?or  a'/a  >  0.5  ,  b'/b  >0.5  4. 


cos  '  ~a’ /2a) 
1  ■*  va'/a)2 


?  “I2 

1  -  (  Wo)  cd 

cos  (ra'/2c)  a* 


(3*131) 


When  the  stub  guide  dimension  are  the  eame  as  those  of  the  sain 
guide,  tihe  egressions  for  X  /Z  and  Bg  /T  are  unchanged.  B  fl  1b  Bimply 
B./2I  ,  and  Equations  (3*13^)  an4  ( 3*131) n2  become,  relpeStively, 
Equations  (3*123)  and  (3*125)  for  n2*  When  the  stub  guide  dimensions  are 
the  same  as  those  of  the  slot  itsel?,  the  expressions  for  J.J Z  and  3^  /T 
remain  unchanged,  B  /l  reduces  to  zero,  and  in  the  expression  for  0 
n2  the  ratio  of  th?  tSIms  containing  the  dimension  c  becomes  equcl  tc  4/rr. 
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Restrictions? 


The  relations  given  are  all  obtained  on  a  microwave  network  basis. 
It  is  assumed  that  the  Blot  field  does  not  change  appreciably  enough  for 
the  .arious  stub  guide  sizes  to  invalidate  the  variational  nature  of  the 
reuults.  It  is  felt  that  this  ie  a  valid  assumption,  and  it  is  born  out  by 
experimental  data  in  conjunction  with  thick  slots,  involving  a  special  case 
of  the  Tee  considered  here. 


The  expression  for  3k /T  becomes  inaccurate  for  a'/a  5  be¬ 
cause  the  field  assumption  uafra  f8r  the  slots  of  larger  a1  is  no  3  >nrer 
valid  for  those  of  smaller  a' .  The  corresponding  expression  in  tb  *  range 
of  smaller  a*  has  not  been  evaluated.  Thin  restriction  applies  &1bo  to 


CB 


but  not  to  the  other  parameters. 


CUTAWAY  VIEW 


SIDE  VIEW  EQUIVALENT  NETWORK 


Results! 

The  lossy  four  terminal  equivalent  circuit  is  approximately 
series.  The  series  conductance  of  the  E  plane  radiating  slot  is 
determined  quite  simply  from  the  conductance  of  the  transverse  radiating 
slot.  The  series  susceptance  B  is  also  determined  from  previously 
obtained  results.  X  is  taken  &s  the  shunt  reactance  of  the  I  plane 
Tee  network,  while  Rr  is  the  radiation  resistance  presents!  at  the  slot 
to  symmetrical  voltage  excitation,  since  this  excitation  results  in  a 
two  terminal  network. 

For  a  slot  of  width  a1  and  length  b*  located  in  the  broad  face 
of  a  guide  of  width  a  and  height  b! 

°b  -  \  \ 

\ 


<3.133. 

{3-13*1) 


*/  *  5  \ 


*a  =  ^a^E  plane  Tee 


(3.132) 
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£ 


a 


grab 

3U, 


1  +  (1  -  oc2)2  “ 

Q.  -ot2  U/2a)2J 


.135) 


where  oc  ■  a'/a. 

The  n  la  that  of  Xquatlon  (3*123)  or  (3*125)  B/  la  given  by  Equation  (3*129). 

\  bycEquation  (3. 112),  (3-113),  or  (3.114),  affl  I  by  Equation  (3.120). 

TEe  choice  of  equations  for  n  and  B  It  decided  h$  the  slot  tire,  ill 

parameters  are  actually  specified  relative  to  the  main  guide  characteristic 

admittance  T  . 

0 

Bestrictlonsr 


It  hat  Been  pottihle  to  combine  the  results  of  the  previous 
sections  because  it  is  assumed  that  the  form  of  the  field  excited  in  the 
slot-coupled  E  plane  Tee  and  the  I!  plane  radiating  slot  are  the  same  for 
various  excitations.  There  was  no  change  in  the  shunt  reactance  X  since 
it  has  been  shown  that  this  result  is  more  or  Iobs  independent  of  the 
neighboring  boundart.es. 


I 
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APPMSDC 


IL_ 

Poisson  -  T  ran*  fo  nation 

H  CD 

y  n(n)  »  V" 

V 

/2  »  J2srn* 

j  u(z)  e  d  s 

(1) 

L —  L. 

0=1^  Mb  -© 

si 

pxorlded  u(t)  is  regular  in  the  interval 

*1  £  16  £  *2 

2) 

Properties  of  (x) 

-  a/*1  Hn(l) 

(j  x) 

(2) 

j 

Kq  (x)  -  -  /n  ^  io(x)  *  V"  (2  ^  fU.l) 

(a  O2 

(3) 

shore  Y(®+l)"1'*'2  +  m 

-  fn| 

j 

y  «  1.7S1 

in(x)  i 

,  0  <x  <<1  ,  n  £  1 

(4a) 

1 

i 

I  (x)  >  in2 /yx 

0 

,  0  <  x  <"<1  ,  n  «  0 

(4b) 

h  5  • 

.  x  >^1 

(5) 

E  [x°  En  (k  *>]  ’ 

-k:aI  ,  (k  x) 
n—J. 

(6) 
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where  N  satisfice  the  following  viuatlonl 
b 


(»)  •  //!  (8«)  •  <Q  (8,  8‘)  dS‘ 


ib«r«^  is  Heraitian,  i.e., 


Kffh  £■  *zm*'-/fffh  -i‘\ 

It  osn  be  shorn  that  B  exp  reseed  &• 

////.  JC  (S«)  K  (s)  os  as* 

(  jj  M  •  h  d3  )2 


is  stationery  about  the  correct  value  of  M  ;  and  it  it  evident  that  the 
result  is  independent  of  the  absolute  anpTitude  of  N. 

In  sobs  applications  of  the  variational  method  it  is  necessary, 
in  order  to  partially  satis//  the  conditions  of  the  boundary  value  problem, 
to  ohoose  a  bloosrponent  trial  field.  oonponents  theme  elves  ere  usually 

ohosen  fro®  some  physloal  considerations y  However,  one  nust  know  also  the 
relative  amplitudes  of  the  field  oonponents. 

Let  the  M component  trial  field  be 


M 


Si  +  °  Hs 


whore  o  is  the  unknown  relative  amplitude,  and  N.  and  are  given. 
If  the  following  definitions  ars  nadel 
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ffffh  bn 

b22 

and 

l(((±i  ([((*!  ■£■  hai3'-  \2  ■  la 

than  e  can  ha  calculated  In  a  variational  manner  f roc 

0  ,  "fe  *U  •  "1  bia 

“i  b22  "  m2  b2i 
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IV.  CCHPARJSQH  OF  THEORETICAL  AHD  EXP8RD0ENTAL  RESULTS 


The  measurements  reported  below  have  all  been  made  at  a  nave- 
length  of  0  cm«.  The  experimental  results  for  the  thin  tranaverne  slot 
coupling  identical  guides  and  for  the  thin  transverse  radiating  i.lct  have 
been  reported  in  the  Final  Report  mentioned  earlier.  They  are  therefore 
given  here  only  in  graphical  form,  to  allow  comparison  with  the  correspond¬ 
ing  theoretical  data.  The  other  experimental  data  are  listed  in  both 
graphical  and  tabular  form,  together  with  estimates  of  error  wherever 
possible.  The  queetions  of  choice  of  equivalent  circuit  representation, 
method  of  treating  data,  and  the  experimental  techniques  involved  are 
discussed  in  Part  II.  The  theoretical  calculations  together  with  the  re¬ 
sults  are  given  in  Part  III. 

The  discussion  below  treats  the  thin  slots  separately  from  the 
thick  slots.  The  reasons  are  that  a)  the  variational  (theoretical)  calcu¬ 
lations  apply  to  the  thin  (specifically  zero -thickness)  slots,  and  b)  the 
parameters  for  thick  slots  are  obtainable  from  the  parameters  for  the  cor¬ 
responding  thin  slots  together  with  certain  simple  geometrical  and  micro¬ 
wave  network  considerations.  Thus,  the  direct  conqparison  between  the 
theoretical  and  experimental  results  applies  only  to  the  thin  slots,  while 
the  thick  slot  discussion  utilizes  in  addition  certain  microwave  network 
considerations.  The  discussion  for  the  thick  transverse  slot  coupling 
identical  guides  is  omitted  here  as  it  has  been  given  in  the  above-mention¬ 
ed  Final  Report. 


A.  Thin  Slots 

l)  The  transverse  Slot 

The  experimental  results  for  the  transverse  slot  coupling  identi¬ 
cal  guides,  which  have  been  reported  together  with  estimates  of  error  in 
the  Final  Report,  have  been  obtained  for  slots  of  0.0C5"  wall  thickness. 

The  theoretical  results  have  been  computed  for  zero-thickness  slots.  The 
equivalent  circuit  for  a  zero- thickness  slot  is  a  pure  shunt  one,  as  shown 
in  Figure  4.1-(a),  while  that  for  a  slot  with  thickness  requires  an  addi¬ 
tional  parameter  (two  additional  parameters  if  the  slot  is  unsymmetrical) . 
This  latter  equivalent  network  may  be  in  a  Tee  or  Pi  form,  or  may  be  in  th* 
form  shown  in  Figure  4.1-(b).  (See  the  discussion  in  the  Final  Report, 
Chap.  II,  Sec.  D,  2.)  The  two  parameters  are  and  x  ,  the  distance 

between  the  input  and  output  reference  planes. 
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Figure  4.1  (a)  -  Zero  thickness  transverse  slot 


Figure  4.1  (h)  -  Finite  thickness  transverse  slot 


12G 


When  the  alot  thickness  is  small,  as  It  is  for  the  measured  slots 
discussed  here  (0.C05"),  the  value  of  parameter  x  is  almost  negligibly  small 
since  it  is  generally  considerably  smaller  than  the  slot  thickness  iteelf. 
The  smallness  of  parameter  x  implies  that  the  value  of  B,/Y  is  negligibly 
different  from  that  which  would  be  obtained  if  the  slot  thickness  were  act* 
ually  zero.  It  is  not  known  how  to  correct  exactly  for  the  shift  in  the 
Bt/y  value  due  to  small  but  finite  thickness,  although  a  number  of  approxi¬ 
mate  methods  are  available,  such  as  considering  the  slot  width  to  be  de¬ 
creased  by  the  slot  thickness,!  or  considering  the  9lot  thickness  as  a 
length  of  9I ot  guide  coupling  two  main  grides  (actually  not  valid  because 
of  interaction  effects  at  such  small  thicknesses).  These  approximate  pro¬ 
cedures  indicate  a  negligible  correction  to  the  B^/Y  value  so  that  it  is 
therefore  permissible  to  directly  compare  the  theoretically  and  experiment¬ 
ally  detcruined  B  /Y  values.  The  discussion  that  follows  will  assume  the 
situation  of  Figure  °4.1-(a) . 

The  theoretical  results  for  B^/Y  c-re  obtained  from  Equations 
(3.IC7)  and  (3. 108),  where  the  former  expression  is  used  for  slots  of  di¬ 
mensions  a’/a  >  0.6,  b'/b  <0.5,  while  the  latter  one  applies  to  slots  of 
dimensions  which  lie  outside  of  this  range.  The  notation  for  the  dimensions 
is  indicated  in  Figure  4.2,  where  it  is  also  seen  that  the  slot  is  centered 
and  oriented  parallel  to  the  sides  01  the  guide.  The  parameters  for  off- 
onter  or  rotated  slots  (at  least  for  small  slots),  as  well  as  for  thick 
slots,  may  be  obtained  from  the  parameters  of  the  zero-thickness  centered 
8 lot 8  together  with  appropriate  microwave  network  considerations.  An 
investigation  of  thick  transverse  slots  and  thin  rotated  transverse  slots 
has  been  reported  in  the  above-mentioned  Final  Report. 


Figure  4.2  -  The  transverse  slot',  cross-section 

A  comparison  of  theoretical  and  experimental  results  for  the 
relative  suBceptance  B^/Y  of  the  transverse  slot  is  given  graphically  in 
Figures  4.3  and  4.4.  ^Th?  theoretical  results  are  obtained  from  Equations 
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Found  to  be  empirically  valid  for  transverse  inductive  (i.e.,  b'  »  b) 
slots.  See  Montgomery,  C.  G,,  et  al,  "Principles  of  Microwave  Circuits", 
Chap.  6,  p.  l66,  McGraw-Hill,  iy4g. 
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(3.IO7)  and  (3. 108)  for  the  appropriate  ranges  of  a*/a  and  b’/b;  the  experi¬ 
mental  result*  are  taken  from  Table  I  of  Chap.  V  of  the  Final  Report.  The 
theoretical  data  are  represented  by  the  solid  linee,  and  the  experimental 
data  by  the  indicated  points;  both  are  plotted  as  a  function  of  relative 
slot  width  *k  =  a'/ai  with  relative  slot  hei|£t  8  =  b'/b  as  a  parameter. 
Since  the  values  of  B^/l  vary  over  such  a  wide  range,  it  is  necessary  to 
present  the  data  on  two  iraphs;  Figure  4.3  applies  for  0.6  £«>(.£  1.0,  \diilc 
Figure  4.4  uses  semi -log  paper  for  the  range  0.2£  0.6.  It  is  seen  that 

over  practically  the  whole  range  of  slot  dimensions  excellent  agreement  is 
obtained. 


Although  the  accuracy  of  both  the  theoretical  and  experimental 
data  drops  off  for^  <  0.3,  it  is  known  from  data  not  plotted  in  Figure  4.4 
that  the  experimental  data  have  a  consistently  greater  absolute  value  than 
the  theoretical  data  for  slots  for  which  ck*-  0.2.  Che  concludes  from  this 
that  the  theoretical  data  is  reliable  for  ©2-2?  0-3*  and  is  questionable  for 
slots  of  smaller  width.  The  theoretical  expressions  were  set  up  so  as  to 
force  agreement  with  the  accurate  Waveguide  Handbook^  result  for  the  wide- 
open  transverse  capacitive  (i.e.,oC  =  a‘/a  =  1)  slots,  so  that  the  values 
of  B./Y  for<>Ca  1  will  agree  exactly  with  the  Handbook  results.  In  the 
integrations ,  however,  approximations  were  made  resulting  in  the  accuracy 
dropping  off  slightly  for  8p>0.9,  so  that  exact  agreement  is  not  obtained 
with  the  wida-open  inductive  (i.e.,  p  »  b'/b  a  l)  slot  result  given  by  the 
Handbook.  However,  the  discrepancy  is  not  at  all  serious,  being  only  a  few 
per  cent  over  the  range  of  with  the  largest  deviation  occurring  for  °J' 
about  0.6*  the  Handbook  values  are  slightly  lower  in  absolute  value.  It 
may  be  noted  that  five  of  the  experimental  points  shown  in  Figure  4.3  are 
not  included  in  Table  I  of  Chap.  V  of  the  Final  Report,  and  that  three  of 
the  points  given  there  are  not  used  in  Figure  4.3-  The  latter  points  are 
ones  which  involved  an  error  in  calculation;  the  corrected  values  are  plot¬ 
ted  instead.  The  former  points  represent  new  data  taken  recently  as  a  more 
complete  check  on  the  theoretical  data. 


A  region  of  particular  interest  In  Figure  4.3  is  the  resonant 
region.  It  is  clear  from  the  graphs  that  for  certain  values  of  slot  dimen¬ 
sions  a  completely  resonant  slot  c.n  be  obtained,  i.e.,  the  slot  transmits 
all  the  power  incident  on  it.  This  ittuation  corresponds,  of  course,  to 
B^/Y  -  0.  The  slot  dimensions  necessr ry  i^r  resonance  are  given  in  Figure 
4.5,uwhere  thj  necessary  relative  slot  width  is  plotted  aa  a  function  of 
relative  slot  height  p,  The  solid  curve  r^  presents,  the  theoretical  values 
obtained  fron  Equations  (3*107)  and  (3*108),  while  the  indicated  points  re¬ 
present  experimental  'values.  The  latter  are  not  obtained  directly,  but 
rather  by  interpolation  of  the  other  reported  experimental  data.  It  is 
see.'  that  the  agreement  is  excellent. 


^  Marcuvitz ,  5.,  "Waveguide  Handbook",  Chap.  rj*  p.  218,  Vol.  10,  R.  L. 
Seller,  McGraw-Hill,  in  print. 
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Figure  4.5  -  Dimension!  for  resonance  for  the  transverse  slot 


The  dashed,  curve  in  Figure  4.5  is  obtained  from  a  we'l  known 
empirical  formula3  for  the  dimensions  for  resonance.  The  formula  is  often 
v>  itten  as 


a 

b 


and  can  be  rearranged  aB 


2 


>2  <r>: 

g 


2 


(4.1) 


(4.2) 


3  see,  for  example:  Montgomery,  5.  G.,  et  al.,  "Principles  of  Microwave 
Circuits",  Chap.  6,  p.  1J0,  E.  L.  Series,  Vol.  S,  McGraw-Hill,  194g. 

Smullln,  L.  D.  and  Montgomery,  C.  "Microwave 
Chap.  3,  p.  102,  E.  L.  Series,  Fol.  14,  McGraw-Hill,  194g. 


i 

) 

i 


Duplexers" 


1-11 


where  a1  /a.  ,  0  =  b'/b.  The  daahed  curve  of  Figure  4.5  was  computed, 
from  Equation  (4.2),  and  is  a  portion  of  a  hyperbola.  Further  discussion 
of  this  hyperbola  and  its  properties  is  given  in  the  reference  of  footnote 
3*  Equation  (4.1)  has  also  been  given  a  pseudo-theoretical  derivation, 4 
to  the  effect  that  the  characteristic  impedance  Z  of  rectangular  waveguide 
is  given  by  0 


Z 

o 


[Z  is  £  _ 

V  c  k  a  - 


fJL  1  _  1 

€  a  /T- 


(4.3) 


Then,  if  a  waveguide  of  cross-section  dimensions  a  and  b  joins  a  second  wave¬ 
guide  of  cross-section  dimensions  a'  and  b'  but  with  the  same  value  of  Z 
as  given  by  definition  (4.3),  it  is  stated  that  no  reflection  will  occur°at 
the  junction.  Finally,  application  is  made  to  the  case  of  the  slot  by  con¬ 
sidering  it  as  composed  of  two  junctions  separated  by  a  slot  guide  of  negli¬ 
gible  length.  Equating  the  Z  values  for  the  main  and  the  slot  guides 
according  to  (4.3)  yields  Equation  (4.1). 

Now,  in  the  first  place,  even  if  (4.3)  correctly  and  uniquely 
specified  the  Zq  of  the  waveguide,  this  would  not  guarantee  a  reuonant  junc¬ 
tion  or  slot  since  a  discontinuity  is  present  which  alters  the  mode  form. 

An  example  of  this  is  afforded  by  a  junction  of  two  coaxial  lines  of  the 
same  characteristic  impedance  (it  is  possible  to  uniquely  specify  this  for 
TEM  nodes);  such  junction  is  not  reflectionleBB .  In  the  second  place,  it 
must  be  emphartzed  that  it  is  not  possible  to  uniquely  define  characteristic 
impedance  for  a  node  in  a  waveguide  (except,  of  course,  for  a  TS2J  mode). 
Hence,  one  must  conclude  that  the  correlation  above  is  coincidental. 

As  seen  in  Figure  4.5,  however,  the  empirical  relation  (4.2) 
affords  a  very  good  approximation  for  determining  the  dimensions  for  re¬ 
sonance,  and  in  addition  has  the  \irtue  of  being  simple  in  form.  The  largest 
deviation  of  the  empirical  curve  from  the  theoretical  curve  is  only  about 
2  percent.  It  is  clear,  therefore,  that  the  empirical  relation  (4.2)  rather 
than  the  accurate  theory  should  be  used  for  calculating  the  resonant  dimen¬ 
sions  because  of  the  simplicity  of  the  lavter. 

For  the  sake  of  convenience  the  theoretical  values  of  B^/Y  are 
plotted  in  Figures  4.6  and  4.7  as  a  function  of  relative  slot  height  0  with 
relative  slot  width  0  as  a  parameter,  in  contrast  to  Figures  4.3  and  4.4. 


n - 

See  the  second  reference  of  footnote  3*  Also  Slater,  J. 
Tra- emission" ,  Chap.  IV,  pp.  1S4  -  6,  Me  Graw-Kill,  1942. 
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The  values  for  3  =  1.0  are  taken  from  the  Waveguide  Handbook;-''  the  remain¬ 
der  of  the  curves  frcn  Equations  (3.IO7)  and  (3*'~*'»  The  use  of  figures 
4.3,  4.4,  4.6  and  4.7  permit  one  to  obtain  the  value  of  B^/Y  for  an  arbi¬ 
trary  slot  size  with  fair  accuracy  by  interpolation  of  these  graphs,  without 
the  necessity  of  conputing  the  values.  It  must  be  recalled  that  these 
curves  are  valid  at  3*20  cms.  onlyj  for  other  frequencies  one  must  use 
Equation  (3*107)  or  (3*103). 

A  comparison  between  theoretical  and  experimental  results  for  the 
transverse  slot  has  already  been  given  in  the  Final  .deport,  in  Chap.  I. 

The  theoretical  data  given  there  are  based  upon  results  obtained  variation- 
ally,  but  with  the  use  of  the  free  space  dyadic  spatial  susceptance  rather 
than  the  waveguide  one.  A  better  approximation  is  also  given  there  invol¬ 
ving  corrections  to  the  free  space  spatial  susceptance.  However,  the 
theoretical  results  quoted  in  this  report  are  considerably  superior  to 
those  given  in  the  Final  Report,  and  should  completely  supersede  them. 


2)  The  Transverse  Radiating  Slot 

The  transverse  radiating  slot  couples  rectangular  waveguide  to  a 
half  space  in  such  a  way  that  radiation  occurs  from  the  end  of  the  wave¬ 
guide.  For  the  measurements,  the  waveguide  was  terminated  by  an  "infinite" 
plane  baffle,  and  the  radiation  was  directed  into  a  region  suirounded  by 
absorbing  walls.  The  mount* ng  of  the  slots  between  the  guide  and  the 
"infinite''  plane  was  accomplished  by  means  of  a  vacuum  chuck.  The  details 
of  the  experimental  arrangement  have  been  described  in  the  Final  Report, 
Chap.  IV,  pp.  13-15*  Ac  was  the  case  for  the  transverse  slot  located  with¬ 
in  the  guide,  the  experimental  results  were  obtained  for  slots  of  0.005* 
wall  thickness,  while  the  theoretical  results  were  computed  for  zero-th'ck- 
ness  slots.  In  fact,  as  described  in  the  Final  Report,  the  same  slo*  were 
used  except  for  certain  modifications. 

The  physical  structure  and  the  equivalent  circuit  for  a.  zero-* 
thickne-">  slot  are  shown  in  Figure  4.g.  As  is  seen,  the  equivalent  circuit 
is  a  two  terminal  one,  involving  simply  a  conductance  and  a  susceptance,  at 
the  reference  plane  T  corresponding  to  the  plane  of  the  slot  itself.  The 
notation  for  the  slot  dimensions  is  that  given  in  Figure  4.2  for  the  trans¬ 
verse  slot.  The  slots  considered  are  centered,  oriented  parallel  to  the 
edge,  and  of  negligible  thickness.  Thick  slots  of  this  type  are  considered 
later  in  this  report.  Since  the  equivalent  circuit  is  two  terminal,  the 
measurements  are  of  a  single  point  nature  and  cannot  utilize  tue  averaging 
procedure  available  for  four  terminal  structures  where  a  whole  series  of 
points  are  taken.  That  is,  the  input  admittance  only  is  needed,  and  that 
1b  obtained  directly  from  the  knowledge  of  the  V.S.Vj’.R.  and  tho  location,  of 
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loc,  cit.,  Chap.  5,  p.  221 
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Figure  U.g  -  The  transverse  radiating  slot 


the  voltage  minimum.  The  point  nature  of  the  data  does  not  enable  one  to 
estimate  the  error  of  individual  results,  and  the  +  values  attached  to  some 
of  the  resrJ. ts  are  obtained  simply  by  repetition  of  the  measurements.  Fur¬ 
thermore,  the  results  for  the  transverse  radiating  slot  are  therefore 
expected  to  be  less  accurate  than  those  for  the  transverse  slot  within  the 
guide.  The  experimental  results,  together  with  a  further  discussion  of  the 
measurement  procedure  Bnd  the  possible  errors  involved,  has  been  given  in 
the  Final  Report,  Chap.  V,  pp.  20-23* 

Since  the  actual  slots  had  finite  thickness,  the  question  arises 
as  to  what  reference  plane  corresponds  to  the  "plane  of  the  3lotn.  The  form 
of  the  equivalent  circuit  is  not  affected  by  the  choice  of  reference  plane 
although  the  parameter  values  are.  If  the  slot  is  thick  enough  a  different 
treatment  is  preferable;  this  latter  method  is  discussed  in  Sec,  B  of  this 
part.  It  turns  out  here  that  the  0.005"  thickness  is  so  small  that  a  shift 
of  that  magnitude  in  the  reference  plans  produces  a  change  in  the  input 
admittance  of  the  order  of  the  error  in  repeated  measurements.  Rigorously, 
however,  the  reference  plane  T,  for  the  reported  experimental  data,  coinci¬ 
des  with  the  face  of  the  slot  in  contact  with  the  waveguide.  This  refer¬ 
ence  plane  occurs  naturally  in  the  measurements  as  it  is  also  the  end  of 
th9  slotted  section. 
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The  theoretical  expressions  for  th*  admittance  parameters  are 
summarized  in  Sec.  E,  3)  of  part  III  of  this  report.  It  is  there  pointed 
out  that  the  variational  expression  "breaks  up  naturally  into  two  parts, 
one  corrospondlng  to  the  waveguide  region  and  the  other  corresponding  to 
the  half  space.  The  relative  suaceptance  tern  then  consists  of  a  half 
space  contribution  given  in  the  section  referred  to  above,  and  a  waveguide 
contribution  equal  to  one-half  of  the  relative  suaceptance  B  /Y  of  a 
transverse  slot  located  within  the  waveguide.  Conparison  with  experiment 
indicates  that  good  agreement  is  obtained  with  this  formulation;  however, 
a  slightly  better  agreement  results  vfcen  one  takes  the  waveguide  contri¬ 
bution  to  be  0.45,  rather  than  0.50,  times  B^/Y  .  There  seems  to  be  no 
clearcut  theoretical  reason  for  this;  it  may  be  that  the  slot  field  for  a 
slot  within  the  guide  is  somewhat  different  from  that  for  a  slot  radiating 
from  the  end  of  tho  guide.  However,  since  the  expression  was  variational, 
the  effect  of  this  difference  should  not  be  appreciable.  It  may  be  that 
at  other  frequencies  the  factor  O.5O  is  preferable.  The  theoretical  data 
given  in  this  section  assumes  the  factor  0.45,  so  that 
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(4.4) 


where  the  notation  has  been  discussed  in  part  III.  It  1b  stressed,  how¬ 
ever,  that  the  effect  of  the  alteration  in  the  factor  for  B^/Yq  1b  slight 
in  any  case;  for  certain  ranges  of (for  which  B^/Y  1b  near  resonance) 
the  effect  is,  of  course,  negligible. 

The  expression  for  the  relative  conductance  G Jl  contains  a  con¬ 
tribution  from  the  half  space  only.  It  is  shown  in  Sec.  D,  4)  of  part  HI 
tho  the  theoretical  result  obtained  for  G  /Y  must  be  greater  than  the 
correct  value  provided  that  the  integratiSnsCare  carried  through  exactly. 

The  correct  value  would  be  obtained  if  the  trial  slot  field  used  was  the 
actual  one.  Different  expressions  for  B  /Y  and  G  /Y  are  applicable  for 
different  ranges  of  slot  dimensions;  these  are  giv£n  £n  Sec.  E  of  part  III 
as  mentioned  above.  A  simpler,  although  approximate,  expression  for  G  /Y  , 
applicable  o^er  the  complete  range  of  slot  dimensions,  is  also  given.  rTh£s 
latter  expression  yields  values  lower  than  the  more  accurate  expression, 
hut  these  values  are  in  error  by  less  than  10  percent  at  most.  This  largest 
error  occurs  for  the  wide  open  slot;  for  smaller  slots  the  error  rapidly 
decreases.  In  addition,  there  are  available  very  simple  and  accurate 
expressions  for  G  / Y  and  B  /Y  (see  Equation  (4.4))  for  a  half-wavelength 
slot,  i.e.,  a  slof  w£th  widfc  S'  =  X/2.  These  expressions  are  given  by 
Equations  (3»ll4)  and  (3.117)* 
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1  comparison  of  theoretioal  and  experimental  results  for  ths 
■acceptance  B J Y  (relative  to  the  characteristic  adtaittance  of  the  wave- 
guide)  of  the  transverse  radiating  slot  ia  given  graphically  in  Figure* 
4.9  and  4.10.  The  theoretical  reaults  are  obtained  from  Equation*  (3. 11?) 

*®d  (3*107),  (3. 108).  using  Equation  (4.4)  a  for  -he  appropriate 
range*  of  a'/*  and  b’/bj  the  experimental  ro*ulti  are  taken  froir  Table  71 
of  Chap.  T  of  the  Final  Report.  A  rough  guide  for  which  theoretical  ex¬ 
pression  for  3.  /T  to  use  for  which  range  *lot  dimention*  i*  the  fol¬ 
lowing:  Equation  (3.II2)  when  b'/a'  ;>1,  Equation  (3.113)  when  b»/a»^  1. 
A  more  careful  guide  i*  afforded  by  the  graph  of  Figure  4.11.  The  da*hed 
line  lndlcatee  the  value  b'/a*  =  lj  the  lined  portion  correspond*  to  a  re- 

fion  for  which  neither  expression  It  accurate,  although  there  Equation 
3.112)  is  the  somewhat  better  one.  For  Figure  4.10,  the  theoretical  re¬ 
sults  corresponding  to  the  lined  region  were  obtained  by  estimating  from 
neighboring  data.  The  theoretical  data  of  Figures  4.9  and  4.10  are  repre¬ 
sented  by  solid  linen,  and  the  experimental  data  by  the  indicated  points; 
both  are  plotted  as  a  function  of  relative  slot  width <3^=  a'/a,  with  the* 
relative  slot  height  9  =*  b'/b  as  a  parameter.  Since  the  values  of  B  /l 
vary  over  such  a  wide  range,  it  is  necessary  to  present  the  data  oa  two0 
graphs;  Figure  4.9  applies  to  the  range  0.5^J«<1.0,  while  Figure  4.10 
uses  e ami-log  paper  for  0-2  O.5.  It  is  seen  that  practically  over 

the  whole  range  of  slot  dimensions  excellent  agreement  is  obtained. 
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Figure  4.11  -  Graphical  guide  for  which  theo-etical  expression  to  use. 
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The  cross-over  region  for  the  curves  in  Figure  4.9  is  seen  to 
c  ccux*  f  or  d,  appro  xL’iateiy  equal  to  O.63,  as  opposed  to  the  case  of  the 
transverse  slot  within  the  guide  (see  Figure  4.3),  where  the  cross-over 
region  occurs  neare*  «  O.67.  In  addition,  the  suaceptance  value  at  the 
crott-ovar  region  ia  smaller  in  absolute  value  for  the  radiating  slot. 

A  comparison  of  Figures  4.9  and  4.3  indicates  that  the  radiating  slot  is 
more  capacitive  in  content  than  the  slot  within  the  guide;  a  consequence 
of  this  is  that  a  slot  for  which  b'  =  b  is  always  inductive  if  the  slot 
:ls  located  within  the  guide,  but  may  be  either  inductive  or  capacitive  If 
the  slot  is  radiating  from  the  end  of  the  guide.  A  slot  for  which  a1  =  a 
is  always  capacitive  in  both  locations.  A  comparison  of  Figures  4.10  and 
4.4  indicates  great  similarity  in  the  behavior  of  small  slots  located 
within  the  guide  and  on  the  end  of  the  guide.  The  susceptance  of  the 
radiating  slot  is  somewhat  smaller  in  absolute  value  in  this  range;  for 
very  small  slots  the  susceptances  of  the  slots  in  the  two  locations  be¬ 
come  equal. 


In  order  to  facilitate  the  determination  of  values  of  B J Y 
for  an  arbitrary  slot  size  by  interpolation  of  graphs  rather  than  by0 
computation,  the  graphs  of  Figures  4.12  and  4.13  are  given.  In  these 
graphs  B J'i  is  plotted  as  a  function  of  relative  slot  height  0,  with 
relativesl8t  width  ©i,  as  a  parameter,  in  contrast  to  Figures  4.9  and 
4.10. 


A  comparison  of  theoretical  and  experimental  results  for  the 
relative  conductance  G-/Y „  of  the  transverse  radiating  slot  is  given 
graphically  in  Figure  4.l4.  The  theoretical  results  are  obtained  .LvTi 
Equations  (3. 115)  and  (3.H6)  for  the  appropriate  ranges  of  a1 /a  and 
b'/b;  the  experimental  results  are  taken  from  Table  VI  of  Chap.  V  of  the 
Final  Report.  The  theoretical  data  is  again  represented  by  the  solid 
lines,  and  the  experimental  data  by  the  indicated  points,*  both  are  plot¬ 
ted  as  a  function  of  relative  slot  width  dy  ,  with  relative  slot  height  0 
as  a  parameter.  It  is  seen  that  the  conductance  values  do  not  extend  over 
a  wide  range;  they  vary  approximately  from  O.65  to  0.90  over  the  whole 
range  of  slot  dimensions.  (Note  that  the  ordinate  scale  does  not  extend 
to  the  origin.)  No  experimental  values  are  given  for  gK  less  than  0.6 
because  of  the  very  low  accuracy  obtained  there.  In  that  range  the  con¬ 
ductance  values  are  almost  completely  masked  out  by  the  susceptance  values, 
which  become  large  in  absolute  value  for  small  ds,  .  Even  in  the  range  for 
which  conductance  values  are  reported,  the  accuracy  of  the  experimental 
results  is  not  high  enough  to  afford  a  careful  check  on  the  theoretical 
calculations.  This  is  largely  due  to  the  fact  that  the  accuracy  is  limit¬ 
ed  because  of  the  single  point  nature  of  the  measurements.  If  the  experi¬ 
mental  values  were  perfectly  accurate,  and  if  the  integrations  for  the 
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theoretical  expressions  vers  carried  out  exactly,  the  experimental  points 
vould  lie  slightly  below  the  theoretical  curves  due  to  the  miniavn  property 
for  the  conductance.  However,  for  some  values  of  3  this  does  not  seea  to 
be  the  caeai  an  incorrect  field  choice  cannot  account  for  this  as  then  the 
theoretical  values  vould  be  raised  further.  One  then  suspects  either  the 
integrations  or  the  measurements,  but  neither  seem  to  be  inadequate  enough 
to  produce  this  effect,  and  the  actual  reason  is  still  undetermined.  How¬ 
ever,  the  practical  effect  of  this  is  insignificant  as  the  theoretics!  and 
experimental  values  agree  to  better  than  5  percent  or  so.  The  theoretical 
expressions  are  therefore  quite  adequate  for  engineering  applications. 


3.)  The  Slot- coupled  E  Plane  Tee 

The  geometry  of  the  slot-coupled  E  plane  Tee  is  indicated  in  the 
drawings  of  Figure  4. 15.  It  is  noted  that  two  sets  of  reference  planes  are 
indicated!  T^,  T^  and  T^,  and  T^ ' ,  T^1  and  T^'.  The  former  are  the  "center- 

line"  reference  planes  and  are  those  at  which  the  theoretical  data  are  re¬ 
ported;  the  latter,  the  primed  reference  planes,  are  the  "invariant"  ones 
and  are  those  at  which  the  experimental  data  are  obtained.  The  equivalent 
circuit  representation  chosen  for  depicting  the  theoretical  results  is  thus 
called  the  "centerline"  representation  and  is  given  in  Figure  4.1b-(a) .  At 
the  invariant  reference  planes  this  equivalent  circuit  simplifies  to  that 
shown  in  Figure  4.l6-(b);  this  latter  circuit  is  called  the  "invariant" 
representation.  The  invariant  representation  not  only  has  the  virtue  of 
being  simpler  but  in  addition  forme  the  basis  for  a  precision  measurement 
method.  The  advantages  of  utilizing  the  invariant  representation  in  obtain¬ 
ing  experimental  data  is  discussed  in  part  I;  the  details  of  the  correspond¬ 
ing  precision  measurement  method  are  given  in  part  II,  Sec.  A,  2.  In  the 
discussion  belov,  the  experimental  data  will  be  gi/en  first,  and  will  be 
followed  by  a  consideration  of  the  theoretical  results  and  a  comparison 
between  the  theoretical  and  experimental  data. 

The  invariant  equivalent  circuit  representation,  the  measurement 
method  used  to  obtain  the  precision  experimental  data,  and  the  various 
experimental  techniques  involved  in  altering  the  slot  size,  mounting  the 
slot  structure,  etc.,  are  all  discussed  in  Sec.  A  of  part  II.  All  of  the 
input  data  were  corrected  for  the  presence  of  the  end  of  the  slot  in  the 
slotted  section,  using  a  calibration  curve  for  the  slotted  section.  Since 
the  theoretical  data  applies  to  a  zero-thickness  slct,  the  slot  vail  thick¬ 
ness  was  made  as  small  as  feasible.  A  0.010"  vail  thickness  vas  finally 
decided  on;  any  smaller  thickness  resulted  in  a  buckling  of  the  slot.  Mea¬ 
surements  were  taken  for  the  following  range  of  s'.ot  sizes:  the  relative 
slot  width  a  s  a' /a  vas  varied  in  steps  of  a  tenth  from  0.3  to  1.0  for  the 
values  of  relative  slot  height  0  =  b’/b  equal  to  O.j,  0,6  and  1.0  (see 
Figure  4.15  for  the  notation) .  The  slot  dimensions  were  altered  by  in¬ 
creasing  the  slot  width  while  maintaining  the  slot  height  constant. 


CENTERLINE  EQUIVALENT  CIRCUIT  INVARIANT  EQUIVALENT  CIRCUIT 

(a)  W 


Figure  4.l6  -  Equivalent  circuit  representations  for 
the  slot-coupled  E  plane  Tee. 
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The  parameters  of  the  Invariant  representation  (see  Figure 
4.l6-(b))  are  B/l^,  a  ,  2 L  and  i'  ;  the  latter  two  specify  the  location 
of  the  reference  planes.  An  additional  advantage  obtained  by  using  the  in¬ 
variant  representation  is  that  estimates  can  be  made  in  a  simple  fashion 
of  the  error  in  the  final  parameter  values  in  terms  of  the  probable  errors 
in  the  Initial  data.  Expressions  for  estimating  such  errors  fox  the  slot- 
coupled  X  plane  Tee  are  giv  in  in  Table  4-1.  The  notation  involved  is  that 
employed  in  the  tangent  relation  method;  the  details  of  this  notation,  in¬ 
cluding  similar  expressions  for  estimates  of  error  for  the  transverse  slot, 
have  been  given  in  the  Final  Report,  Chap.  II.  The  experimental  results 
for  the  parameter  values  discussed  above  are  listed  in  Table  4-II-  The  + 
values  associated  with  the  data  are  estimated  using  the  expressions  of 
Table  4-1. 


H'A'HT.TE  4~I 

SLOT-COUPLED  E  PLaRE  TEE 
Estimates  of  Error 


The  final  parametera  in  terms  of  the  data  parameters  are: 


B/Y  =  '"~’V 

0  a2  +  Y2 


a*  +  r 


(-  Y}(a2  +  1) 


21  »  X 


soo  -  V'V  +  (8oo  -  h^&z 


-  x«F,Stf  +  <'*ej-V/W 


V  =  X 


L3  1  2  +  (S0  "  SR3)/XgS3  ■  ao^gS3 


157 


where I 

°  -  cot  *  (“oc  -  s o > 

*-  wAgD 

=  value  of  D  when  no  power  flow  In  the  stub  guide 

=  value  of  when  uo  power  flows  in  the  stub  guide 

D_  =  value  of  D  when  a  short  circuit  occurs  at  the  end  of  the 
slotted  line 

^  =  value  of  S2  ^  when  D  =  DR 

L  =  electrical  length  of  the  main  guide  (length/guide  wavelength) 
L,  =  electrical  length  of  the  stub  guide  (length/ guide  wvelength) 
=  guide  wavelength  in  the  anas  of  the  Tee 

O 

=  guide  wavelength  in  the  slotted  line 

3  ~  euide  ^velength  in  the  variable  short  on  am  2,  3- 

D  ,  S  ,  y  =  values  obtained  directly  from  the  D  vs.  S  curve 
o  o 

Bq/X.^3  =*  (l/2  tt)  tan  1  (a/V) 

n,  m,  p  s  au  integer  such  that  2  £  ,  l  :  is  small 

The  fonner  of  the  two  alternative  expressions  for  V  applies  to  a  point 
determination;  the  latter  occurs  when  the  D  vs.  S  run  is  used. 


The  most  probable  errors  are  given  by! 


a  n  = 
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r  -  r  “I2 

r  -72  r  1 

|T 

*  ^oc'V  * 

2 1> 


A*' 


f  p-  —eg  p-*  — 

2 

r*  — r2 

xeAL3J  *  *(SSC5  -  V 

1  -f 

u'N  *  ^ 

The  point  measurement  only  for  X1  has  'been  included  here.  In  the  expres¬ 
sions  for  X  and  A  £! ,  the  ration  of  X^  ‘o  X^  ,  X^g^  and  X^g^  is 

assumed  close  to  unity.  In  all  of  the  expressions  negligible  error  is 

assumed  in  X  _  ,  X  ,  and  X  ....  Kany  of  the  A's  are  independent  of 
gD  gS2  gt>3 

the  slot  size,  hut  are  a  function  of  the  accuracy  cf  the  measuring  equip¬ 
ment.  These  are  Dqq  ,  A  (D^,  -  DR) ,  MS^  -  S^) ,  ^(Sg^  -  8^), 

AL,  AL,  and  -"^■X  ;  it  is  estimated  that  the  first  four  of  these  and 
AX  are-^ equal  to  approximately  0.001"  or  less,  while  AL  and  hL  aro 
specified  as  0.001  or  less,  the  increased  possible  error  arising  because  of 
the  manner  of  covering  the  slot.  The  value  of  AY  is  obtained  directly  from 
the  AD  v*.  S  error  curve,  while  AD  is  the  sum  of  a  contribution  from 
this  error  curve  and  from  the  0.001"  mentioned  above. 


The  sensitivities  are  given  as : 


3  (B/Tq) 

3  Y 


"2  B/T 


1  -  Yc 


3  (B/T0) 

3l5oc 

3  n 
3  Y 

3  n 


3D, 


a  (B/y 

?  D 
0 

f£  -  / 

Lv2*a2J 

?  n 


OC 


3  D 


*(B/Yq)‘ 


n 

2  Y 


=  n  a  "A 


Y2  -  a2” 

a2  +  1 

|_y2  -  1  J 

L  a2  J 

Y2  -  1 
Y2  +  a2 
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TABU  -4-1 1 

SLOT-COUPLED  X  PLAHE  TEX 
Experimental  Results 

The  data  correspond  to  the  Invariant  equivalent  circuit 
representation  shown  in  Figure  4j£(h). 

X  =  1.260b  inches 

a  =  0-900  inches  ,  "b  =  0 .400  inches 
2  £  and  are  in  inches  j  all  2t  values  are 

accurate  to  +  0.003  inches,  all  Si  1  values  are 
accurate  to  +  0.002  inches. 


a  =  a'/'a  ,  8 


a*  and  h*  are  in  inches 


•275  -127 
.368  .12b 

.461  .126 
.544  .126 
.722  .126 
.809  .125 
.900  .125 


.306  .317 

.409  .315 

.512  .315 
.6o4  .315 
.802  .315 
•899  -312 

1.000  .312 


-15.1  +  2.0 

r  \ . 


6.4o  + 
2.72  + 
0.957+ 
0.620+ 
0.970+ 
1.118+ 


1.20  +  .50 
1.11  +  .15 
1.06  +  .10 
O.99  +  .04 

1.005+  .010 

0.99^  -oio 

1.012*  -015 


.276 

.121 

.307 

.302 

.0052 

-.0024 

.36° 

.121 

.400 

.302 

.OO72 

-.0049 

.44g 

.121 

.495 

.302 

.0085 

-.0077 

,  r44 

.120 

.6o4 

.300 

.0091 

-.0116 

.632 

.121 

.702 

.302 

.0094 

-.0137 

-27 

.121 

.808 

.302 

.0055 

-.0125 

.810 

.121 

.900 

.302 

.00JS 

-.0126 

.900 

.121 

1.000 

.302 

.0065 

-.0107 
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6* 

V 

e 

2 1 

t' 

B'To 

n 

.185 
•  270 
.■Jbl 

& 

.633 

.720 

.810 

.900 

.245 

.250 

.252 

•  254 
•257 
•257 
•257 

•  257 

•  257 

.205 

.100 

.401 

.loo 

•703 

.800 

.900 

1.000 

.612 

.625 

.630 

■M 

.642 

.642 

.642 

.642 

-26  + 

“  8.16  + 

-  3.7?  ± 

-  1.82  + 

-  0.845+ 

-  0.201+ 
0.159+ 
0.372+ 
0.480+ 

14 

.60 

.20 

.27 

.030 

.020 

.016 

.020 

.014 

1.22  + 
1.4?  + 

1.24  + 
1.15  + 
I.065+ 
1.005+ 
O.967+ 
0.958+ 
0.946+ 

1.0 

.50 

.06 

.03 

.020 

.010 

.010 

.010 

.010 

.189 

•237 

.210 

•  593 

.0098 

-.0072 

•275 

.240 

.106 

.600 

.0176 

-.0109 

.361 

.240 

.401 

.600 

.0240 

-.0176 

.540 

.241 

.600 

.603 

.0331 

-.0305 

.721 

.241 

.801 

.603 

.0306 

-.0310 

.900 

.240 

1.000 

.600 

.0263 

-.0275 

.101 

.400 

.112 

1.000 

-54  + 

22 

0.9  + 

1.0 

.180 

.400 

.200 

1.000 

-25  + 

5 

0.94  + 

.60 

.270 

.400 

.300 

1.000 

-  5.05  + 

•25 

1.54  + 

.10 

• 3 35 

.400 

•372 

1.000 

-  3.51  + 

.20 

1-39  ± 

.06 

.456 

.400 

.507 

1.000 

-  1.58  + 

•05 

1.22  + 

.03 

.540 

.400 

.600 

1.000 

-  0.93  + 

.05 

1.086+ 

.025 

•719 

.400 

•  799 

1.000 

-  0.254+ 

.015 

o.94g+ 

.010 

.815 

.400 

.906 

1.000 

-  0.033+ 

.008 

0.910+ 

.010 

.900 

.400 

1.000 

1.000 

0.043+ 

.010 

0.896+ 

.010 

.280 

.241 

•311 

.603 

.0180 

-.0113 

.281 

.400 

.312 

1.000 

•0327 

-.0208 

.158 

.400 

.198 

1.000 

•0455 

-.0341 

.449 

.400 

.499 

1.000 

.0572 

-.0516 

•5^5 

.400 

.606 

1.000 

.06l6 

-.0672 

.630 

.400 

.700 

1.000 

.°645 

-.0761 

-  0.554+ 

.030 

0.993+ 

.012 

.734 

.400 

.816 

1.000 

.0604 

-.0779 

.807 

.400 

.897 

1.000 

.0567 

-.0763 

.900 

.400 

1.000 

1.000 

.0529 

-.0691 
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It  is  seen  in  Table  4—1 1  that  the  values  for  2  £  and  A*  corres- 
po:  3  to  a  slightly  different  set  of  aperture  dimensions  from  those  for  B/Y 
and  n.  The  r.'-ason  lor  this  is  that  the  values  of  2  H  and  j£}  correspond-0 
ing  to  the  B/Y  and  n  values  were  obtained  using  length  measurements  which 
were  determined  mechanically.  In  cddition,  the  6tub  guide  was  unsoldered 
then  recoldered  each  time  the  slot  width  was  changed  (see  part  II,  Sec.  A, 
3),  resulting  in  a  sporadically  fluctuating  series  of  values  for  t  1  al¬ 
though  the  operation  negligibly  affected  the  other  quantities.  An  addi¬ 
tional  run  was  therefore  taken  for  the  and  2  L  parameters  where  the 
length  measurments  were  made  electrically  rather  than  mechanically,  and 
where  the  slot  size  vas  altered  by  the  use  of  a  mandrel  instead  of  the  un¬ 
soldering  technique  mentioned  above.  The  resulting  values,  which  are  the 
ones  reported,  were  much  more  systematic,  and  are  expected  to  be  more 
accurate.  Since  parameters  2  A,  and  are  determined  essentially  by 

point  measurements,  which  may  be  made  fairly  rapidly,  the  corresponding 
B/Yq  and  n  values  were  not  obtained  since  their  determination  requires  the 
complete  tangent  relation  procedure. 

The  data  listed  in  Table  4-1 I  is  given  graphically  in  Figures 
4.17  to  4.21.  In  all  of  the  curves  the  experimental  points  are  indicated, 
and  solid  lines  are  drawn  through  the  average  of  the  indicated  points.  The 
data  are  plotted  as  a  function  of  slot  width  a  =  a' /a,  with  relative  elot 
height  p  r  b'/b  as  a  parameter.  Two  graphs  are  necessary  to  present  the 
data  for  B/Y  since  the  values  vary  over  such  a  wide  range;  Figure  4.17 
applies  for  0 .5  £  o- ±  1.0,  while  Figure  4.18  uses  semi-log  paper  for  the 
range  0 .3  £  a.  £  0.6. 

From  Figures  4.17  ar.d  4.18,  it  is  seen  that  the  behavior  of  B/Y 
for  various  aperture  sizes  is  similar  to  that  f*>r  B^/Yq  and  B_/Y  as  shov& 
in  Figures  4.3,  4.4,  4,9  and  4.10,  There  is  agpin  a  cross-over  Region,  but 
it  is  broader  than  those  for  B^/Y  and  B J Y  and  it  occurs  at  a  slightly 
more  inductive  value.  For  a  =  1,  B/Y  is  alv/ays  capacitive,  while  for  0=1, 
B/Y  is  inductive  over  almost  the  whoSe  range,  being  slightly  capacitive 
for  0.9;  this  behavior  is  senewhat  similar  to  that  for  B^/Y  1  which  is 
always  capacitive  for  a  =  1  and  inductive  for  |3  =  1,  However,  ?here  is  a 

wider  variation  with  pi  for  B/Y  than  occurs  for  B./Y  or  B  /Y  . 

0  t  0  r  0 

The  curves  for  the  behavior  of  parameter  n  are  given  ir  Figure 
4.19.  The  value  of  n  remains  substantially  in  the  neighborhood  of  unityj 
this  is  an  additional  desirable  feature  of  this  equivalent  circuit  repre¬ 
sentation.  Poor  precision  is  obtained  for  values  of  relative  slot  width  a 
less  than  0.4;  high  +  values  are  associated  with  the  values  of  n  in  that 
range  in  Table  4-II  bee  .use  the  corresponding  sensitivities  (see  Table  4-1) 
were  large.  For  this  reason  data  for  0.4  only  are  plotted. 
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The  values  of  2  £.  and  £' ,  ifcich  locate  the  reference  planes  for 
the  equivalent  network,  are  plotted  in  Figures  4.20  and  4.21.  The  values 
of  2 1  are  seen  to  "be  always  positive,  while  those  for  V  are  always 
negative^  both  are  small  in  absolute  value,  being  lesE  than  0.08"  at  all 
times.  This  means  that  the  reference  planes  are  never  displaced  from  the 
centerline  reference  planes  by  more  than  5  percent  of  a  guide  wavelength. 

An  error  in  the  electrical  lengths  I  or  L-,  of  +  0.001"  to  0.002"  is  possi¬ 
ble  (see  Table  I),  resulting  in  estimated'possible  errors  of  +  0.003"  ia 
2  £.  and  +  0.002"  in  £  1 .  The  result  of  such  an  error,  however,  would  bo  to 
shift  bodily  up  or  down  a  whole  curve,  rather  than  to  affect  individual 
points.  It.  is  also  seen  that  2  £•  and  t *  are  relatively  insensitive  to  the 
value  of  a  in  the  range  0.5f  a  *.0.8  and  0.6  ^  a  £-0.9,  respectively,  and 
that  the  value  of  a  corresponding  to  maximum  2  6,  and  -  A'  is  substantially 
independent  of  6,  being  equal  to  approximately  O.65  for  the  2  £,  curves  and 
0.80  for  the  JL'  curves.  It  might  seem  from  the  slope  of  the  curve  for  £  1 
for  6  =  .30  that  the  curve  may  actually  go  slightly  positive  for  a  approach¬ 
ing  zero.  However,  the  extrapolated  curve  is  not  given  in  this  manner  since 
a  slight  error  in  the  electrical  length  would  bring  the  curve  be7ow  the  axis 
a^tin.  It  is  difficult  to  see  theoretically  whether  or  no.  must  always 
be  negative;  2  t  must  always  be  positive,  however,  since  it  is  directly  re¬ 
lated  to  parameter  Ba/Y  the  centerline  reference  plane*,  and  from  theo¬ 
retical  considerations  ?his  latter  parameter  is  always  of  the  same  sign. 

In  order  to  permit  one  to  obtain  by  graphical  interpolation  the 
parameter  values  for  a  slot  size  for  which  data  was  not  taken,  Figures  4.22 
to  4.25  are  included.  In  these  graphs,  the  parameter  values  are  plotted  as 
a  function  of  relative  slot  height  £  ,  with  relative  slot  width  aaea  para¬ 
meter,  in  contrast  to  Figures  4.17  to  ^»2l.  The  combination  of  both  sets  of 
graphs  should  permit  interpolation  to  a  fair  degree  of  accuracy.  Parameter 
n  is  not  included  in  this  latter  set  since  it  is  rather  insensitive  to  p. 

The  theoretical  expressions  apply  to  the  parameters  of  the  center- 
line  equivalent  circuit  representation  given  in  Figure  4.l6-(a).  The  para¬ 
meters  are  seen  to  be  Bv/Y  ,  B  /Y  ,  n  and  I  / Z  ,  where  B  /Y  is  the 

q"  O  O  C  C  r  O  D  O 

dominant  one*  the  reference  planes  are  always  fixed.  Theuretical  expres¬ 
sions  occur  naturally  for  (B./Y  +  B  /2  Y  )  and  B  /Y  ,  and  not  for  B.  /Y 

do  a  0  a  0  do 

separately;  these  correspond  to  short  -  and  open  -  circuit  bisections, 
respectively,  of  the  equivalent  network.  Parameter  X  /Z  is  ejected  to  be 
very  small,  and  for  first  order  values  it  is  set  equa5  t8  zero.  Parameter 
n  remains  around  the  value  unity,  but  simple  expressions  which  account 
partly  for  its  deviation  from  unity  are  given  as  Equations  (3.123)  “id 
().l25)t  the  different  expressions  corresponding  to  different  ranges  of 
aperture  dimensions.  The  expression  for  Bft/y  is  Equation  (3. 120),  valid 
for  all  aperture  sizes.  Finally,  expressions  for  Tq  +  Bft/2  Y  )  are 
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given  by  Equations  (3.12 2),  (3*124)  and  (3*126),  where  the  different  expres¬ 
sions  correspond  to  different  ranges  of  aperture  dimensions. 

A  comparison  of  theoretical  and  experimental  results  for  the  para¬ 
meters  discussed  above  for  the  centerline  representation  is  given  graphically 
in  Figures  4.26  to  4.30.  The  theoretical  data  in  all  the  graphs  are  repre¬ 
sented  by  the  solid  lines,  and  the  experimental  data  by  the  indicated  points J 
both  are  plotted  as  a  function  of  relative  slot  width  a  =  a'/a.  ,  with  rela- 
tivo  slot  height  p  »  V/t  ae  a  parameter.  For  Figures  4.29  and  4.30  the 
experimental  data  are  shown  by  dashed  lines  in  addition  to  the  indicated 
points. 


The  experimental  data  for  the  centerline  representation  are 
obtained  from  the  invariant  representation  results  listed  in  Table  4-II  by 
applying  the  appropriate  reference  plane  shifts.  The  necessary  shifting 
formulae  are  given  in  Table  2-1,  and  the  method  of  derivation  is  indicated 
in  the  Appendix  to  part  II.  Parameter  B  / Y  of  the  centerline  representa¬ 
tion  is  dependent  only  on  2  fc  of  the  invariRnt  representation.  Parameters 
B^/Y  ,  X  /Z  end  n  involve  all  of  the  parameters  of  the  invariant  repre¬ 
sentation^  h8wersr,Cthey  are  sensitive  to  some  of  them,  and  insensitive  to 
others.  For  larger  values  of  a,  B./Y  is  sensitive  to  B  /  Y  ,  X  /Z  is 
sensitive  to  t',  and  n  is  sensitive°to  n.  For  small  values  ofCa,°an  in¬ 
vestigation  of  the  shifting  formulae  of  Table  2-1  indicates  that  the  product 
(b/y  )(2t)  becomes  significant.  If  this  product  were  much  less  than 
unity,  then,  for  a  approaching  zero,  B^/Y  would  approach  B/l  ,  X  /Z  would 
approach  zero,  and  n  would  approach  nj  t8e  effect  of  the  abo?e  pr&duRt  is 
to  increase  the  abooiute  values  of  B./Y  and  X  /Z  ,  and  to  decrease  n  . 
Since  the  precision  of  the  experimental°data  is  mSLch  less  for  small  slSts 
(since  they  transmit  so  little  power  into  the  stub  guide),  one  must  keep 
the  above  in  mind  when  comparing  the  theoretical  and  experimental  values. 


In  Table  4-IIt  as  mentioned  earlier,  the  data  for  B/Y  and  n 
correspond  tc  slightly  different  values  of  0  and  a  than  the  datR  for  t  ' 
and  2£.  Before  shifting  the  results  to  the  centerline  reference  planes, 
the  values  of  Jt  1  and  2£  were  obtained  at  a  and  0  values  corresponding  to 
those  for  B/Yq  and  n  by  graphical  interpolation  using  Figures  4.24  and  4.25* 

Figure  4.26  compares  the  experimental  and  theoretical  data,  at 
the  centerline  reference  planes,  for  parameter  combination  (B./Y  +  B  /2Y  ) 
for  the  wider  slots,  i.e.,  for  0.6  a  ^  1.0.  The  agreement  is  Seen  ato  0 
be  quite  good.  Two  theoretical  curves  are  given  for  0  =  0.64;  the  upper 
one  corresponds  to  Equation  (3.122),  while  the  lovrer  one  is  obtained  using 
Equation  (3*124).  Both  are  given  since  the  experimental  data  seem  to  lie 
between  them.  The  curve  for  0  =  .315  *8  obtained  from  Equation  (3.122), 
and  that  for  0  =»  1.0  from  Equation  (3. 127).  The  prescription  given  in 
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Sec.  E,  4  of  part  III  for  which  expression  to  use  for  a  particular  range 
of  aperture  dimensions  is  to  he  altered  in  the  light  of  Figure  4.26  in 
only  the  following  respects*.  Equation  (3*122)  is  valid  for  0  £  0.6, 
rather  than  0  4.0. 5,  while  Equation  (3*124)  applies  to  the  range 

O. 6  a  p  0.9,  rather  than  0.5  4  0  £.0.9-  The  general  behavior  for 

(B, /Y  +  B  I2  Y  )  at  the  centerline  reference  planes  for  a  7  0.6  is  also 
do  a  0  — 

seen  to  be  similar  to  that  for  B/Y  at  the  invariant  reference  planes  for 

the  same  range  of  a  ;  the  similarity  is  greater  for  the  smaller  values  of 

P. 


A  comparison  between  theoretical  and  experimental  values  for 
(Bb/T  +  B 1/2  Yq)  for  narrower  slots,  i.e.,  for  0.3  a  l.  0.6,  is  given 
in  Figure  §.27.  Only  one  curve  is  given  for  the  theoretical  values  at 
0  =  0.64  because  the  results  of  Equations  (3*122)  and  (3*124)  become 
practically  identical.  The  other  curves  correspond  to  the  same  expres¬ 
sions  as  for  Figure  4.26.  The  striking  feature  of  these  graphs  is  that 
the  experimental  data  lie  consistently  bel  w  the  theoretical  data.  This 
is  in  part  due  to  the  sensitivity  of  the  shifting  formulae  for  small 
values  of  a,  as  discussed  above,  hut  it  cannot  be  completely  explained 
by  it.  One  concludes  that  the  theoretical  expressions,  while  very  satis¬ 
factory  for  large  a,  are  less  accurate  for  small  a.  This  is  not  surpri¬ 
sing,  however,  as  the  field  assumption  used  in  the  variational  expression 
is  no  longer  valid  for  small  values  of  a,  as  discussed  in  part  III.  In 
the  summary.  Sec.  E  of  part  III,  the  expressions  are  stated  as  applicable 
for  a  >  C.5  only. 


A  comparison  of  theoretical  and  experimental  data  for  B&/ Y 
appears  in  Figure  4.28.  Since  the  values  for  B^/Y  depend  only  on  zZ , 
the  original,  rather  than  the  interpolated,  data  for  2  t  used;  com¬ 
parison  is  made  at  0  =  O.3O  and  0.60,  rather  than  at  0.315  and  0.64. 
Agreement  between  theory  and  experiment  is  reasonably  good  for  0  =  0»3 
and  0.6,  and  is  fair  for  0  =  1.0.  The  agreement  seams  to  be  poorer  for 
very  large  0  and  for  very  small  a.  When  it  is  considered,  however,  that 
B  /Y  is  itself  a  small  quantity,  the  agreement  from  a  practical  stand¬ 
point  is  quite  satisfactory. 


In  Figure  4.30,  the  experimental  data  for  Xc/Z  are  plotted, 
and  dashed  lines  are  drawn  through  the  average  of  the  points;  the  theo¬ 
retical  prediction  for  X  / Z  ,  admittedly  a  first  order  one,  is  zero.  It 
is  seen  that  the  plottedcvatues  are  very  small  in  magnitude  and  lie  on 


both  sides  of  the  zero  axis,  indicating  that  zero  is  an  acceptable  first 
order  result.  The  experimental  points  are  very  sensitive  to  the  initial 
data,  involving  differences  between  much  larger  numbers.  This  fact  might 
explain  the  overlap  apparent  in  the  curves;  furthermore,  for  more  accurate 
data,  the  values  of  X  /ZQ  may  be  smaller  in  magnitude. 
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1  comparison  of  theoretical  and  experimental  data  for  n  appears 
in  Figure  4.25.  The  theoretical  data  is  represented  by  the  solidClinee 
and  the  experimental  data  by  the  dashed  lines.  Agreement  seems  only  fair, 
but  it  is  seen  that  the  ordinate  scale  is  enlarged.  The  value  of  n  is 
approximately  unity,  and  the  theoretical  results  are  fiimt  order  on§s 
which  account  somewhat  for  the  deviation  from  unity;  the  variation  with  p 
is  approxdmat-ily  accounted  for.  The  theoretical  expression  doea  not  anti¬ 
cipate  a  variation  with  a  ;  the  variation  with  c,  of  the  experimental  data 
may  be  in  part  due  to  the  sensitivity  of  the  shifting  formulae  discussed 
earlier.  The  field  assumption  used  i.i  the  theoretical  expression  for  n 
is  no  longer  valid  for  small  a,  as  discussed  in  part  III,  and  thiB  may  c 
explain  the  lack  of  variation  with  a  for  small  a.  The  summary,  Sec.  £  of 
part  III,  lists  the  expressions  for  n^  as  valid  for  a  0.5  only.  From  a 
practical  standpoint,  however,  for  a  >C.5,  the  agreement  is  satisfactory; 
if  necessary,  a  more  accurate  theoretical  expression  can  be  derived. 


4.)  The  1  Plane  Badiating  Slot 

The  X  plane  radiating  slot  denotes  a  slot  located  in  the  broad 
face  of  rectangular  waveguide,  and  coupling  the  waveguide  to  a  half  space. 
The  slot  is  rectangular  and  centered,  with  Its  sides  parallel  to  the  wave¬ 
guide  walle;  the  geometry  is  indicated  in  Figure  4.31.  Of  a  variety  of 
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Figure  4.31  -  Geometry  of  the  E  Plane  Badiating  Slot. 
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possible  equivalent  circuit  representations,  two  are  chosenl  the  "center- 
line",  at  reference  plAnes  and  ,  and  the  "invariant",  at  reference 

planea  T^{  and  T  ' .  The  centerline  repreaentatlon  ia  the  one  at  which  the 

theoretical  formulae  apply;  the  invariant  repreaentatlon,  aa  discussed  in 
Part  II,  Sec.  B,  l),  is  ao  chosen  a6  to  reduce  to  a  purely  aeriea  circuit 
for  thick  slots  and  for  slots  with  negligible  loss.  These  two  equivalent 
circuit  representations  are  presented  in  Figure  4.32  (a)  and  (b) .  The  four 
parameters  for  the  centerline  circuit  are  Q^/l  ,  B^/Tq  ,  B^/Z^  and  » 

those  for  the  invariant  circuit  are  G*/Y  B'/Y  ,  G'/Y  and  2  JL  ,  where 

bo  bo  a  o 

the  reference  planes  are  spaced  2  £  apart.  All  pararifc*’ers  have  been  norma¬ 
lized  to  the  characteristic  admittance  of  the  waveguide. 


CENTERLINE  REPRESENTATION  INVARIANT  REPRESENTATION 

(0)  (b) 


Figure  4.32  -  Equivalent  circuit  representation  for  the 
E  plane  radiating  slot. 

At  e  time  at  which  the  data  reported  here  were  taken,  there  vns 
no  precision  method  available  for  the  measurement  of  dissipative  structures. 
One  has  been  devised  since,  hovrver,  and  new  data  are  being  taken  utilizing 
this  procedure,  but  the  new  data  will  not  be  reported  here.  The  radiating 
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slots  3 assured  can  be  roughly  classified  as  ‘lossless*  and  "having  appreci¬ 
able  loss",  the  latter  occurring  vhen  a  measurable  (non- infinite)  VSWR  is 
produced  by  the  slot  for  some  location  of  the  variable  short-circuiting 
plunger  placed  in  back  of  it.  The  former  category  (vhere  the  VSWB's  pro¬ 
duced  are  too  high  to  be  measured)  occurs  for  very  snail  slots,  permitting 
a  purely  lossless  equivalent  circuit  representation.  These  small  slots  can 
therefoie  be  analyzed  by  means  of  the  tangent  relation  proceduro,  utilizing 
an  equivalent  circuit  analogous  to  Figure  4.1-(b)  for  a  finite  thickness 
transverse  slot.  The  difference  is  that  a  series,  rather  than  a  shunt, 
element  is  utilized,  and  parameters  B^/Yo  ant*  1  ar*  replaced  by  BJ./Yq  and 
2  £.  ,  respectively.  It  is  noted  that  the  circuit  of  Figure  4.32-fb)  re¬ 
duces  to  this  for  no  loss. 

The  latter  category  (for  measurable  loss)  applies  to  the  larger 
slots •  Since  no  precision  method  was  available,  the  parameters  for  these 
slots  were  measured  at  the  centerline  reference  planes  by  the  two-point 
method  (described  in  the  Final  fieport.  Chap.  II,  Sec.  C) .  These  latter 
data  are  therefore  admittedly  approximate. 

Measurements  were  taken  for  the  following  range  of  slot  sizes: 
relntivo  slot  wiAth  a  a  a'/a  varying  in  steps  by  0.1  from  0.1  to  0.5,  for 
relative  elot  heights  0  =  b'/o  equal  to  0.6  and  1.0,  and  for  a  varying  in 
steps  of  0.1  from  0«3  to  1.0  for  0  =  0.3*  In  addition,  measurements  were 
made  at  a=  1.0  for  0  =  0.4  and  0.6.  The  data  were  obtained  by  varying  the 
slot  width  while  maintaining  the  slot  height  constant.  For  these  measure¬ 
ments,  however,  the  waveguide  was  not  coupled  to  an  actual  half  space.  For 
the  0  =  0.3  run,  the  slot  radiated  directly  into  space,  as  shown  in  Figure 
4«33-(a).  For  the  larger  slot  heights,  i.e.,  for  0  =  0.6  and  1.0,  a  metal 
plate  was  attached  to  the  guide  to  approximate  a  large  baffle,  as  shown  in 
Figure  4.33-(b) .  (A  more  detailed  drawing  of  this  attached  plate  is  given 
in  Figure  2.4.  The  air  chuck  included  in  the  figure  is  not  used  for  the 
radiating  measurements.)  Further  details  concerning  the  experimental  tech¬ 
niques  are  given  in  Part  II,  Sec.  B,  3)* 

For  the  slots  for  which  there  is  negligible  radiation,  the  effect 
of  the  surrounding  space  is  small,  and,  as  mentioned  before,  the  data  were 
analyzed  by  means  of  the  tangent  relation  method.  For  such  slots  the  re¬ 
sults  to  be  given  should  be  fairly  reliable.  However,  for  the  larger  slots, 
for  which  appreciable  radiation  occurs,  the  lack  of  a  proper  half  space  will 
be  more  significant,  and,  in  addition,  only  two  point  measurements  were 
taken.  For  the  larger  slots,  therefore,  the  results  to  be  quoted  must  be 
considered  as  first  order  values  only. 
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Figure  4.33  -  Approximations  to  the  half  space. 

The  experimental  results  are  listed  in  Table  4-III.  As  mentioned 
above,  the  "lossless"  data  occur  at  the  invariant  reference  planes  of  Figure 
4.31,  so  that  the  parameters  are  B^/Yq  and  2  Z  ;  the  results  for  the  slots 
for  which  there  is  appreciable  loss  are  obtained  directly  at  the  centerline 
reference  planes,  and  the  corresponding  parameters  are,  therefore,  B^/l0  , 
fi^/Yo  ,  Ba/Z0  and  X^/Z^  •  The  last  two  parameters  are  also  alternatively 

presented  as  G  /Y  end  B  /Y  . 

&  0  £10 


The  theoretical  expressions  for  most  of  the  parameters  at  the 
centerline  representation  are  obtained  from  those  for  the  parameters  of 
slots  in  other  locations,  and  from  certain  microwave  network  considerations. 
These  considerations  are  discussed  in  Part  III,  Sec.  D,  5)*  The  exception 
to  the  above  is  Bg/Z  ,  the  expression  for  which  is  given  by  Equation  (3.135). 
The  expressions  for  the  other  parameters  are  given  as  Equations  (3*133/* 
(3*132)  and  (3.13^)  Tor  B^/Yq  ,  and  »  respectively.  Equation 

(3*133)  ®v,/^0  “OY  4e  written  in  terms  of  other  parameters  as: 
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TABLI  U-III 

X  PLANE  HADIATIK5  SLOT 
Xxperiaental  Results 

A  »  l.^SoO*  ,  a  *  0.900"  ,  *  >  0.400" 

a  =  a'/a  ,  3  =  "b * /"b  ;  2  A,  a'  and  V  are  in  inches 

"Lossless"  elote  (at  invariant  reference  planes)! 
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tiiere  the  notation  has  been  discussed,  earlier  in  this  section.  It  is  noted 
that  the  expression  for  B^/Y^  involves  the  term  (.B^/Y^  +  Bj 2Yq)  for  the 

E  plane  Tee.  Since  in  the  discussion  above  for  the  E  plane  Tee  the  theore¬ 
tical  results  for  small  a  were  consistently  higher  in  value  than  the  corre¬ 
sponding  experimental  results,  one  would  expect  a  similar  behavior  here  for 

B,  /Y  for  small  a. 
b  o 

Since  for  the  "lossless"  data,  the  experimental  results  are  at  the 
invariant  reference  planes,  while  the  theoretical  results  are  at  the  center¬ 
line  ones,  one  must  utilize  the  appropriate  shifting  formulae  in  order  to 
compare  results.  These  formulae  are  given  in  Tables  2-VII  and  2-VIII,  where¬ 
in  one  simply  sets  the  conductances  to  zero. 

For  comparison  between  theoretical  and  experimental  data  at  the 
centerline  reference  planes  the  experimental  data  were  shifted  through  the 
length  &  of  transmission  line.  However,  the  resultant  values  of  B^/Y 
were  not  reasonable,  indicating  an  error  in  2  The  reasons  why  is 
suspected  rather  than  B£/Yq  are  first  that  the  latter  is  determined  by  the 
slope  of  the  D  vs.  S  curve  which  is  generally  accurately  known,  then  that  2  Si 
involves  a  mechanically  measured  length  for  the  slot  structure,  which  is  not 
as  accurate  as  an  electrically  measured  length,  and  finally  that  the  result¬ 
ant  B’0/Yo  values  are  very  sensitive  to  slight  errors  in  2-g.  Because  of  the 
above,  comparison  is  made  between  the  theoretical  and  experimental  values 
of  B|./Y0  ,  where  the  theoretical  values  are  shifted  from  the  centerline  re¬ 
ference  planes,  using 
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This  comparison  is  given  in  Figure  4.34,  where  the  experimental 
points  are  indicated,  and  solid  lines  are  drawn  through  their  average,  and 
where  the  theoretical  values  are  indicated  by  the  dashed  lines.  The  data 
are  plotted  as  a  function  of  relative  slot  width  a=  a' /a,  with  relative 
slot  height  3  =  b'/b  as  a  parameter.  It  is  seen  that  the  agreement  is 
good  for  p  =  0.3,  but  that  for  8  =  0.6  and  1.0  the  theoretical  data  lie 
above  the  experimental  data,  as  expected.  (Actually,  the  expectation  app¬ 
lied  to  Bv/Y0  ,  but  similar  behavior  should  occur  here  as  seen  from  Equa¬ 
tion  (4.6).)  As  mentioned  earlier,  ‘he  theoretical  data  apply  to  a  half 
space  coupled  to  the  waveguide,  while  the  experimental  data  do  not.  Even 
though  negligible  radiation  occurs,  ‘■'-ere  exists  stored  higher  mode  energy 
in  the  neighborhood  of  the  slot  outside  of  the  guide,  and  the  distribution 
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of  this  stored,  energy  will  be  someWiat  affected  by  the  lack  of  a  large 
baffle.  The  value  of  the  susceptance  BJ/Yo  will  therefore  be  affected;  It 
Is  difficult  to  know,  however,  if  the  effect  is  negligible  or  not. 

The  theoretical  and  experimental  values  for  B^/lg  Yor  0.6  ar® 
compared  in  Figure  4. 35,  where  the  theoretical  data  are  represented  by  the 
solid  lines,  and  the  experimental  data  by  indicated  points,  which  for  {5=0.3 
are  also  connected  by  a  dashed  line.  The  data  are  plotted  as  a  function  of 
a,  with  0  as  a  parameter.  The  experimental  points  are  to  lie  consis¬ 

tently  lower  than  the  theoretical  values.  Since  for  these  slot  dimensions 
appreciable  radiation  occurs,  the  behavior  mentioned  above  may  be  due  to 
the  lack  of  a  large  baffle  or  may  be  due  to  the  flanges  which  covqple  the 
structure  containing  the  slot  to  the  elotted  section  on  one  side  and  to  the 
variable  short  on  the  other.  The  effect  of  the  flanges  may  be  greater  than 
that  of  the  lack  of  a  baffle  because  most  of  the  radiated  power  occurs  in 
the  direction  of  the  flanges.  However,  their  effect  on  the  susceptance  is 
difficult  to  investigate  as  one  must  know  their  exact  distance  from  the 
slot  and  how  their  phasing  affects  the  susceptance  value. 

The  general  shape  of  the  curves  of  B^/Y  vs.  a  is  similar  to 

that  obtained  for  B*/Y  •  B _/Y  and  (B  /Y  4-  n  /? Y  )_  .  As  was  found 

1  o  '  r'  o  b  o  a  0  Tee 

for  the  others,  the  susceptance  value  is  capacitive  for  a  =  1.0.  For 

3  =  1.0,  however,  the  slot  may  be  either  capacitive  or  inductive,  depending 

upon  the  value  of  a.  There  is  again  a  cross-over  region,  which  occurs  for 

a  between  0.6  and  0.7,  as  has  been  true  for  the  other  susceptances,  and 

which  is  a  broad  region,  as  for  the  E  plane  Tee.  It  is  more  capacitive  in 

content  that  the  E  plane  Tee,  just  as  the  transverse  radiating  slot  was  more 

capacitive  in  content  than  the  transverse  slot.  This  latter  fact  results  in 

the  cross-over  region  for  B-j-,/ YQ  occurring  very  near  resonance,  so  that  for 

a  lying  between  O.63  and  0.&7  the  slot  is  resonant  for  all  values  of  3. 

(The  small  shunt  susceptance  Ba/Y0  has  been  neglected  in  this  discussion  on 

resonance;  B./Y  is  the  dominant  suscerotance  term.) 
b  o 

A  comparison  between  theoretical  and  experimental  values  for  the 
dominant  conductance  term  3^/Y0  ,  at  centerline  reference  planes,  is  given 
in  Figure  4.36;  the  results  are  plotted  as  a  function  of  ci  with  3  as  a  para¬ 
meter.  The  theoretical  results  are  represented  by  solid  lines  fluid  the  ex¬ 
perimental  data  by  indicated  points.  The  experimental  data  seem  rather  poor, 
hut  this  is  not  surprising  in  view  of  the  circumstances.  First,  as  mentioned 
earlier,  these  data  are  only  first  order  ones,  since  they  we re  obtained  by  a 
two-point  procedure.  Then,  conductance  values  are  generally  less  accurate 
than  susceptance  ones  since  they  are  masked  by  the  latter;  the  same  situa¬ 
tion  arose  in  connection  -with  the  transverse  radiating  slot.  In  addition, 
the  conducta.._e  vali.es  vary  only  over  a  snail  range  and  the  ordinate  scale 
is  onlarged;  t.  discrepancy  between  the  theoretical  and  experimental  values 


Experimental  data  token  without  half  space 
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it  never  greater  than  20  percent.  The  effect  of  the  lack  of  an  adequate 
baffle,  and  of  the  flanges,  mar  likewise  affect  this  discrepancy,  where, 
generally,  the  experimental  values  are  smaller  than  the  theoretical  ones. 

The  variation  with  a  of  the  theoretical  values  of  is  similar  to  that 

for  &r/l0  ,  for  the  transverse  radiating  slot.  However,  the  variation  with 
8  is  seen  to  be  opposite  to  that  for  Br/Y0  ;  the  reason  lies  in  the  factor 

l/n^  ,  which  increases  with  increasing  8. 

The  shunt  parameters  of  the  centerline  representation  ar#  Bg/Zo 
and  Xa/Z  .  These  two  parameters  are  specified  rather  than  the  alternative 
O  and  Ba/T0  because  theoretical  expressions  for  the  former  arise  natur¬ 
ally.  The  theoretical  expression  for  Ba/Zg  was  given  earlier  as  Equation 
(3.135)?  the  theoretical  expression  for  XgJ Z0  was  not  evaluated  directly, 
but  rather  is  given  in  Equation  (3.134)  as  “  l/(3  /Y  )  for  the  I  plane  Tee, 

which  is  approximately  valid  if  (B  (G  /Y  )2  .  Actually,  therefore, 

theoretical  expressions  are  available  for  B^/ Z0  and  B&/Yq  .  For  this  reason, 

comparison  between  theory  and  experiment  will  be  made  for  these  parameters. 

If  (R  /Z  )2  (B  /I  )2«1,  it  follows  that 
a  o  a  o 


(4.7) 
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This  condition  is  fulfilled  for  the  data  here,  as  seen  from  Table  4—1 II . 

Comparison  between  the  experimental  and  theoretical  values  for 
B&/ Yq  is  afforded  by  Figure  4.37,  'd’.ere  the  values  are  plotted  as  a  func¬ 
tion  of  a,  with  8  as  a  parameter.  The  theoretical  values  are  those  for 
Ba/Y0  of  the  E  plane  Tee,  and  are  represented  by  the  solid  lines.  The  ex¬ 
perimental  data  are  given  by  the  indicated  noints,  and  are  connected  by  the 
dashed  lines.  The  experimental  data  for  a  27  0.6  correspond  to  the  slots 
with  appreciable  loss,  pa ram e  jrs  of  which  were  evaluated  by  the  two-point 
met  od  directly  at  the  centerline  reference  planes;  that  for  a  £0.5  cor¬ 
respond  to  the  '’lossless”  data  evaluated  at  the  invariant  reforence  planes 
and  shifted  to  the  centerline  reference  planes.  For  a£  0.5,  the  experi¬ 
mental  Bq/Yq  values  are  then  dependent  only  on  the  2 Z  data  reported  in 
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Table  4-III,  which,  as  discussed  above,  are  questionable.  As  seen  in 
Figure  4.37,  agreement  is  obtained  on  the  general  variation  with  both  a 
and  3  and  on  the  order  of  magnitude.  Since  this  parameter  is  not  dominant 
in  determining  the  slot  behavior,  and  since  the  magnitudes  involved  are 
small,  the  disagreement  is  not  as  bad  as  implied.  In  addition,  it  is  re¬ 
called  that  the  experimental  data  for  this  parameter  are  not  as  reliable 
as  for  the  other  parameters. 

In  Figure  4*38,  the  theoretical  values  of  Ba/Zg  are  plotted  as 
a  function  of  a.  There  is  no  variation  with  3  indicated;  the  dependence 
on  3  is  negligible.  The  experimental  data  is  not  plotted  because  of  the 
large  scatter  obtained,  as  seen  in  Table  4-III.  Since  the  value  of  Vz  0 
are  much  greater  than  those  of  %/Zq,  the  latter  are  effectively  masked  by 
the  former,  so  that  it  is  almost  impossible  to  obtain  accurate  experimental 
values  for  B^/Zq.  The  theoretical  curve  for  Ba/Zg  is  seen  to  behave  simi¬ 
larly  to  those  for  Gr/Y  and  G^/Tq,  being  of  the  sane  order  of  magnitude 
and  varying  similarly  with  a. 

Theoretical  data  for  Ch/YQ  are  given  in  Figure  4.39,  where  the 
data  are  plotted  as  a  function  0?  a.  The  experimental  points  are  not  plot¬ 
ted  because  of  the  scatter  mentioned  above  for  Comparison  with 

Table  4-III,  however,  indicates  an  order  of  magnitude  agreement.  It  is 
seen  that  the  values  of  &a/Y  are  vexy  small.  The  values  of  ZQ  are  not 
plotted  since  they  are  essentially  negative  reciprocals  of  Ba/Y0* 

Since  the  conductance  values  are  masked  by  the  (larger)  suscep- 
tance  values,  with  the  result  that  it  is  difficult  to  measure  accurately 
the  conductance  values,  it  is  generally  better  to  trust  a  theoretical  result 
for  the  conductance  than  an  individual  experimental  result.  This  general 
comment,  although  especially  true  for  the  shunt  resistance  ’R&/ZQi  also  app¬ 
lies  to  G,  /Y  ,  and  G  /Y  for  the  transverse  radiating  slot, 
bo  r  0 

As  mentioned  earlier,  because  much  of  the  data  reported  in  Table 
4-1 I I  was  obtained  by  a  two-point  method  and  because  an  adequate  "infinite" 
baffle  was  not  employed,  another  set  of  data  is  being  taken  which  answers 
these  criticisms. 


E. _  Thick  Slots 


The  equivalent  circuit  parameters  for  slots  of  finite  thickness 
are  obtainable  from  the  parameters  of  slots  of  infinitesimal  thickness  by 
means  of  appropriate  microwave  network  considerations.  The  thick  slot  is 
considered  in  terms  of  its  constituent  elements,  namely,  junctions  and 
lengths  of  transmission  line.  The  junction  parameters  are  generally 
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expressible  In  terms  of  the  parameter®  of  corresponding  infinitesimally 
thick  slots.  The  paraasters  for  a  number  of  such  junctions  have  been  given 
In  Fart  III,  Sec.  X.  It  should  be  recognized,  however,  that  the  junction 
parameters  were  obtained  by  microwave  network,  considerations  from  the  para¬ 
meters  of  slots  of  inflnitssiaal  thickness;  only  the  latter  parameters  ware 
determined  from  the  variational  expressions. 

The  thick  slots  discussed  below  are  the  transverse  radiating  slot, 
the  slot-coupled  X  plane  Tee  and  the  X  plane  radiating  3lot.  The  experimen¬ 
tal  data  taken  for  them  directly  yield  the  parameters  of  the  overall  thick 
structure  as  a  function  of  slot  thickness.  Such  data  are  given  in  both 
tabular  and  graphical  form.  The  measurement  methods  Involved,  and  the  ex¬ 
periment--*  techniques  necessary  for  obtaining  the  data,  are  discussed  in 
IX.  The  thick  transverse  slot  coulping  identical  vave guides  is  omit- 
'.tu  her?  wince  it  has  been  fully  diecusaed  in  the  above-mentioned  Final 
Report. 


The  data  are  treated  in  two  ways.  The  first  is  to  insert  the 
theoretical  values  for  the  parameters  of  the  junctions  and  length*  of  trans¬ 
mission  line  in  the  composite  equivalent  network  for  the  thick  slot,  and  to 
compute  from  this  a  theoretical  prediction  for  the  parameters  of  the  overall 
thick  slot.  These  theoretical  results  are  then  graphically  compared  with 
the  corresponding  experimental  data;  tho  agreement  has  been  found  to  be  very 
satisfactory.  The  second  method  of  treating  the  data  is  based  \q>on  the 
understanding  that  the  parameters  of  a  component  junction  of  the  thick  slot 
will  not  change  ae  the  slot  thickness  is  varied.  The  parameters  of  this 
junction  are  computed  from  the  experimental  data  of  the  overall  thick  slot 
and  the  theoretical  results  for  the  remaining  junctions  and  lei^ths  of 
transmission  line  of  the  composite  network.  A  plot  of  the  parameters  of 
this  Junction  as  a  function  of  slot  thickness  should  yield  a  horizontal 
line.  The  latter  way  of  treating  the  data  serves  both  to  check  the  internal 
consistency  of  the  data,  and  as  a  semi -experimental  means  of  determining  the 
junction  parameters.  The  check,  however,  is  a  very  sensitive  one,  and  pro¬ 
duces  a  scatter  in  the  above-mentioned  plot.  The  scatter  has  been  investi¬ 
gated  and  is  found  to  be  completely  explained  by  the  possible  errors  in  the 
experimental  data.  The  composite  and  overall  equivalent  networks  for  the 
various  thick  slots  are  given  in  Part  II,  together  with  all  the  pertinent 
relations  allowing  one  to  treat  the  data  in  the  two  fashions  described  above. 
Consistent  notation  has  been  employed,  wherein  the  parameters  of  the  thick 
slot  have  the  additional  subscript  Htk",  and  those  of  the  junction  the  sub¬ 
script  "J". 
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1.)  The  Transverse  Radiating  Slot 

The  geometry  of  the  thick  slot  under  consideration  is  given  in 
Figure  4.4o,  together  with  its  overall  equivalent  circuit  representation. 


|BrtkU  ^6rtk 


GEOMETRY 


OVERALL  EQUIVALENT  NETWORK 


Figure  4.40  -  The  thick  transverse  radiating  elot. 

As  is  shown  in  Figure  4.4o,  the  equivalent  network  is  referred  to  plane  T^. 
Experimental  data  were  taken  of  the  input  admittance  at  plane  Ti ,  yielding 
the  values  of  +  j  B  ^Y ,  for  slots  of  three  different  aperture 

dimensions  as  a  function  of  thickness  t  of  the  clot.  Details  of  the  experi¬ 
mental  techniques  involved  have  Been  given  in  the  Final  Report,  Chap.  P7, 
and  in  Fart  II,  C,  of  this  report. 

The  three  thick  slots  on  which  measurements  were  taken  are  num¬ 
bered  I,  II  and  III,  and  have  the  following  cross-section  dimensions • 


I) 

a»  =  .Sll" 

,  b’  =  .l6l " 

II) 

a'  =  .63I" 

,  b«  =  .321" 

III) 

a*  =  .269" 

,  b'  =  ,320« 

,  i .  law#**., . . 
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The  notation  hat  been  usod  consistently  in  previous  sections,  and  is  given 
explicitly  in  Hgure  2*20.  The  waveguide  formed  by  the  thick  slot  itself  is 
a  propagating  one  for  slot  I,  a  guide  at  a  very  near  cut-off  fo.*  slot  II, 
and  a  below  cut-off  guide  for  slot  III.  These  considerations  are  with  re¬ 
spect  to  the  dominant  mode,  of  course.  The  experimental  results  are  listed 
in  Table  4-IY  for  the  three  slots.  For  slot  III,  vMch  is  below  out-off, 
the  VSffi  was  not  measurable  so  that  susceptance  values  only  are  reported. 


The  theoretical  valuee  for  G  ../Y  and  3  .J Y  are  obtained  from 

rtk  o  rtr  o 

the  composite  equivalent  circuit  representation  shown  in  Figure  4.4l.  The 
component  junctions  are  shown  in  Figure  4.42,  (a)  and  (b) .  It  is  seen  that 
the  characteristic  adr  rtance  of  the  slot  guide  is  not  Y^  =  *C'/ro  H,  but  is 
rather  T  ,  which  is  given  by! 


1  Y» 


(4.9) 


where  Y*/Y  *  X _/X*  ,  and  t?:  is  given  by  liquation  (2.l).  The  term  ^/Y 
oo  s'  g  t  oo 

is  explicityly  given  in  Equation  (2.4).  The  use  of  i0  instead  of  Y’  elimi¬ 
nates  the  use  of  a  transformer  in  the  equivalent  circuit  of  Figure  4.42-(a) 
for  the  transverse  junction  (c«f.  Figure  2»9~(a)).  8014  ie  used  because  of 
this  sl^plificati-  n.  These  raters  are  further  diocuesed  in  Bart  II,  Sec.C. 


The  parameters  B^k/^o  a3<^  ^rtk^^o  of  the  overa11  structure  are 

obtained  from  the  component*  of  the  composite  representation  by  the  use  of 

Equation  (2.9) •  The  theoretical  expression  for  Btj/Y0  takBn  as  0.55 

Bt/Y0  *  a  sll^xtly  less  accurate  but  eimpler  egression  would  be  B^/2Y0  . 

Parameter  B^/Yq  is  given  by  Equation  (3.107)  or  (3. 108),  depending  on  the 

slot  dimensions*  values  in  graphical  form  appear  in  Figures  4.3,  4^4  4.6 

d  4.7,  valid  at  X  a  3*20  cias.  The  theoretical  expressions  for  G  ./ Y  and 

B  ,/Y  us  rJ 

rj'  0 


A''  M 

G  ,/Y 
rj  0 


G JZ 
r  0 


(4.10a) 


B  ,/Y  a  B  /Y  -  B,  ./Y 
rj  0  r7  0  tj'  0 


(4.10b) 


which  are  deduced  from  the  composite  network  of  Figure  4.4i.  If  the  alter¬ 
native  composite  network  of  Figure  2.2l-(a)  is  used,  then 


slot  i: 


siot  ii : 


ULBI3  4- IT 

THICK  TEAUSTEBSE  HAD  LA.  TING  SLOT 
Experimental  Hesulta 


a'  =  .811" 

f 

b'  = 

.l6l" 

.  x 

=  1.299* 

a '/a  =  .901 

» 

b»/h  = 

.402 

:  xi 

=  2.00* 

I  /Y  =  2.21  ;  t  and  d  arfl  in  inches. 

0  0 
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r 

d 

°rtkAo 

BrtA 

A. 199 

4.9 

.O67 

2.14 

2.31 

1.100 

3.8S 

.110 

1.22 

1.63 

.999 

2.56 

.lol 

0.97 

O.96 

,901 

1.44 

•251 

O.87 

0.32 

.801 

1.47 

-  .290 

0-79 

-  0.28 

.701 

2. 92 

-  .154 

1.02 

"  0.97 

obCO 

3.83 

-  .088 

I.63 

-  1.74 

.^01 

4.79 

.043 

3.16 

-  2.19 

.401 

8.26 

-  .006 

5.43 

-  0.G4 

.202 

>95 

.065 

2.10 

2.73 

.102 

4.34 

.112 

1.18 

1-73 

.O77 

4.10 

.123 

I.07 

1.58 

.050 

3.45 

•137 

1.01 

1.33 

a'  = 

.631“ 

» 

b»  = 

•321* 

X 

a  1.299" 

a* /a  = 

.701 

» 

b*/b  = 

.802  ; 

x» 

g 

=  21.6" 

11 

.113 

• 

» 

t  ard  d 

in  inches. 
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Figure  4.4T  -  Composite  network  for  thick  transverse  radiating  slct. 


TRANSVERSE,  JUNCTION 
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*o  Jl 
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Figure  4.42  -  Component  junctions  of  the  thick  transverse  radiating  slot. 
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a  ,/Y  «  nj 

rj'  0  t 

V1. 

(4.11a) 

B  ,/Y  »  nf 

rj'  0  t 

j  ~| 

4> 

1 

H° 

L^J 

(4.11b) 

Parameter  i/le  has  been  discussed  above,  and  expressions  for  parameters 
ttj/Yo  and  Br/Y0  are  given  in  Part  III,  Sec.  E,  3);  numerical  values  at 
A  ■  3.20  cas.  are  reported  graphically  in  Figures  4.9,  4.10,  4.12  and  4.13 
for  Br/Y0  and  in  Figure  4.l4  for  G*/Y0.  Expressions  for  r<*  and  T0/Y0  are 
given,  respectively,  in  Equations  (2.5*)  and  (2.4).  The  length  t  of  the  in¬ 
tervening  transmission  line  is  simply  the  slot  thickness. 

The  theoretical  values  for  these  component  parameters  for  the 
three  slots  are  obtained  as: 


TABLE  4-V 


SLOT 

VTo 

0  ,/Y 
rj'  0 

B  </* 
rj'  0 

A* 

6 

?/Y 

0  0 

I 

.204 

.84 

•77 

2.000“ 

2.21 

II 

-  .267 

•73 

•13 

21.6" 

.113 

.  m 

-4.5 

.66 

■4.5 

i  -595“ 

i  7-95 

The  last  slot  has  imaginary  values  for  A'  and  f  /Y  because  it  is  below 
cut-off.  6  0 

A  comparison  of  theoretical  and  experimental  values  for  Brt^.  and 
is  given  graphically  in  Figures  4.43  to  4.47.  ^he  theoretical  values 
obtained  from  the  component  theoretical  values  listed  in  Table  4-7  are  re¬ 
presented  by  solid  lines;  the  experimental  values  by  the  indicated  points. 
The  agreement  is  seen  to  be  quite  satisfactory,  although  slightly  better 
agreement  is  obtainable  if  some  of  the  component  parameter  values  are 
changed  slightly.  The  results  of  such  changes  for  some  of  the  graphs  are 
shovr.  by  the  dashed  lines;  the  changes  involved  are  given  in  the  respec¬ 
tive  figures. 


THICK  TRANSVERSE  RADIATING  SLOT 


THICK  TRANSVERSE  RADIATING  SLOT 
OVERALL  REPRESENTATION  -  SLOT  TH 
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THICK  TRANSVERSE  RADIATING  SLOT 
OVERALL  REPRESENTATION -SLOTH 
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Ho  comparison  is  made  for  for  slot  III  bacara*  the  experi¬ 

mental  VSWR  values  vere  not  measurable.  However,  it  was  ascertained  that 
the  VSWR  was  above  30  over  most  of  the  range  so  that  the  computation  of 
Grt]c/*o  and  ®rtk/^o  ^rom  ®oasurements  is  particularly  simple,  since 


WTo  ■ 


cot  •}(  d 


(4.12) 


if  r 2*fr  1,  r2  3*>  cot2 “3d  d  (r  =  VSWR).  The  theoretical  values  of 
Brtk/*0  are  likewise  simply  computed  from  Equation  (2*7)*  The  difference 
in  the  shape  of  the  curves  for  the  various  slots  is  due  to  the  value  of  the 
slot  g-tda  wavelength,  XL.  For  slot  I,  XL  =  2.00"  ,  so  that  the  curves  will 
be  repetitive  with  a  period  of  1.00"  ;  this  is  seen  to  be  the  case.  Since 
X^  =  2.16"  for  slot  II,  only  a  slow  variation  of  the  input  admittance  values 
is  obtained.  The  behavior  for  slot  III  occurs  because  the  slot  guide  is 
beyond  cut-off.  In  all  instances,  however,  very  satisfactory  approximations 
to  the  input  admittance  values  for  the  thick  slot  are  obtained  by  the  use  of 
the  composite  network  of  Figure  4.4l,  employing  the  theoretical  expressions 
for  the  junction  parameters. 

The  experimental  data  and  a  portion  of  the  theoretical  data  for 
the  component  junctions  can  be  treated  in  another  fashion.  The  equivalence 
betveen  the  overall  network  of  Figure  4.4o  and  composite  network  of  Figure 
4.4l  can  be  used  to  obtain  a  semi -experimental  value  for  the  parameters  of 
the  radiating  Junction,  stovn  in  Figure  4.4^-(b).  The  resulto  for  clots  I 
and  II  are  given  in  Figures  h.l+g  and.  4.49,  where  the  theoretical  and  semi- 
experimental  values  of  £^j/l0  and  oLj/T0  are  C0EParG<I.  Corresponding 
results  for  slot  III  were  not  computed,  sinco  the  slot  is  below  cut-off  and 
the  conditions  set  down  in  Equations  (2.6)  and  (2.7)  apply  over  moat  of  the 
range.  The  oemi-experimental  values  of  the  radl  •  ting  junction  parameters 
were  computed  using  Equations  (2.5)* 

In  Figures  4.42  and  4.49  the  theoretical  values,  obtained  from 
Table  4-V,  are  represented  by  the  solid  straight  line  as  the  value  It  inde¬ 
pendent  of  slot  thickness  t.  The  "experimental"  values  are  shown  by  the 
indicated  points,  which  are  seen  to  fluctuate  sonevbat.  They  scatter  about 
some  constant  value  which  in  some  cases  does  not  agree  well  with  the  theore¬ 
tical  one,  although  in  most  cases  the  agreenent  is  good.  In  order  to  be 
able  to  determine  the  cause  of  these  fluctuations,  it  is  desirable  to  find 
the  effect  of  individual  errors  in  measurements  or  incorrect  theoretical 
■values  for  the  junction  parameters  on  the  radiating  junction  admittance 

W 


TO 


vs  SLOT  THICKNESS 


/Yn  vs.  SLOT  THICKNESS 


A: 
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The  a&nittance  T rJro  computed,  from  Equation*  (2*5)  *■  directly 
Affected  by  errors  In  a)  T^^/To  which,  in  turn,  depends  on  the  measured 
YSW?.  and  location  of  voltage  minimum,  b)  slot  thickness  t,  c)  the  Talus  of 
?o/Tq  ,  and  d)  the  value  of  The  sensitivity  of  ^xj/To  te  these 

errors  is  a  function  of  thickness  and  aay  he  so  calculated.  In  addition, 
there  nay  he  nechanlcal  factors,  such  as  imperfect  centering  of  the  slot, 
variations  in  the  cross-sectional  dimensions  of  the  slot,  or  such  electri¬ 
cal  imperfections  as  poor  contact  hetveen  vacuum  chuck  and  slot  and  "between 
sl~ t  and  infinite  plane  (see  Part  II,  Sec.  C)  which  are  not  easily  taken 
into  account  theoretically. 

The  effect  of  Quail  deviations  in  the  values  of  the  flrst^entlon- 
ed  quantities,  however,  is  readily  accounted  for  m  the  manner  Bhown  in 
Table  4-71.  The  possible  errors  in  the  experimental  quantities  are  arrived 
at  from  experience  with  the  performance  of  the  measuring  equipment,  while 
the  possible  range  of  variation  in  the  network  parameters  is  determined  from 
the  tolerances  put  on  those  values.  A  short  discussion  is  given  below  of 
these  possible  errors. 

a)  VSV&!  The  inability  to  determine  high  VSV&’s  accurately 
when  the  measurements  were  first  begun  was  a  considerable 
source  of  error.  The  measuring  equipment  was  Improved, 
however,  at  a  later  date  to  that  higher  accuracy  could  be 
achieved.  The  following  limits  of  accuracy  are  based  on 
repeated  checks  against  standard  mismatches.  For  approxi¬ 
mately  the  first  half  of  the  measurements  (before  the 
equipment  was  Improved) ,  dr  «  +  .07  r,  r>4;or.i  .05  r, 
4>r>  3;  ^r  =  +  .03  r,  r  <  3t  while  the  remaining  data 
was  taken  with  a  tolerance  of  A  r  »  +  .02  r,  r<  5« 

b)  Location  of  voltage  minimum'.  The  accurate  location  of 
voltage  minima  in  the  guide  becomes  increasingly  difficult 
at  low  VSVH-s.  The  procedure  (employed  in  measurements  of 
lossless  discontinuities)  of  accentuating  the  "dip"  in  the 
voltage  curve  by  raising  the  gain  of  the  detector  to  any 
desired  value  cannot  be  applied  here  to  the  tame  degree 
because  of  the  non-zero  level  of  the  voltage  minimum  which 
will  go  off  scale  for  too  great  an  amplification.  However, 
it  was  found  that  even  for  VSHR*  s  as  low  as  1.4,  the  voltage 
minimum  could  be  located  to  within  2  mils,  i.e.,  nd*+  .002". 

o)  Slot  thickness'  To  achieve  different  slot  thicknesses 

the  slots  wore  evt  down  on  a  lathe  after  each  measurement. 


» 


I 
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TABLE  4-71 

Estimates  of  Error  for  the  ^dlatln*  Jonctlrm 
.rror.  •„  S*  "“1”Uln  *0?11  "ni  *"  *rj/*o  l»trodo«d  ty  inotndml  „.n 

b uTiVsz*1  piMe  Ti’  “d  in  *•  -1-  -  i/io .  «-irSd 

v  J  o  #  * 


1  ~  1 

>c  4  , 

Hrj|  * 

~v  1  ^rj 

d  r  1 

li 


ac 

-sr^ftr  A  (w,t) 


»0  T 

,-y51 

J(^)  T» 


f"  0r/Io  or  ?.,/r„  ,  ttd  vhor. 
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- Li 

S  r,  d 


i  0 
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£l 


rtk 


.. 

-_E«E 
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■—  rtk 

Jr,  d 


t^<BOalPr0beble  ern>r’  mther  than  th*  *******  error,  1.  obtained  by 
teking  the  square  root  of  the  sum  of  the  sqimres.  7 

To  evaluate  the  actual  estimates  of  error,  the  senaitivi f -r  nt  a 

in  *5®  <luantlt1®*  lieted  above  must  be  computed.  These 
sensitivitib*  are  found  to  be:  *  ea* 
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TABU  4-TI  (Continued) 
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Car*  wit  tak*n  to  torn  down  the  tame  face  of  the  tlot  each 
time,  and  the  turned-down  surface  was  lapped  afterward*  to 
remove  any  high  spots.  After  lapping,  the  slot  thickness 
was  measured  with  a  micrometer  to  within  1  mil  so  that 
A  t  »  +  .001" . 

d)  T0/l0  ®tj/^o  •  *r°m  previously  reported  agreement  be¬ 
tween  theory  and  experiment  on  the  valuee  of  Xq/To  and  Bt*/T0 
the  tolerances  on  these  parameters  can  he  taken  as  +  3  percent 
for  B^j/l0  ,  and  +  2  percent  for  ij T0.  These  estimated  errors 
are  approximate  and  are  not  as  small  as  indicated  in  some  ranges 
of  slot  dimensions. 

A  complete  error  analysis  has  been  carried  through  for  slo^  I;  for 
a  range  of  slot  thicknesses  from  .5"  to  1.2R;  the  sensitivities  of  3j.j/Y0 
and  Spj/I0  to  errors  in  the  above-mentioned  quantities  are  plotted  as  func¬ 
tions  of  t  in  figure  4.50.  The  values  of  (S^/Yq  and  btJY0,  together  with 
the  estimated  errors  as  obtained  from  Figures  4.50  and  the  estimated  com¬ 
ponent  errors  above,  are  given  in  Table  4-711. 


TABUS  4-711 


Semi-experimental  values  of  *rj/*0  for  slot  * 


a'  =  .811"  ,  b'  =  .l6l"  ,  V  =  2.00" 

~  g 

Theoretical  value  of  T^/Y^  =  »^4  ♦  J  »77 

t  s  slot  thickness  in  inches. 


t 

/v 

0  ,/Y 
rj'  0 

V  . 

B  ,/Y 
rj  0 

1.199 

1.100 

.999 

.901 

.sol 

.701 

.600 

.501 

.4oi 

.202 

.102 

.077 

.050 

.97  ±  .09 
.94  +  .06 
•97  +  *02 
.98  +  .02 
.87  +  .04 
.88  7  .06 
.91  +  .08 
.98  7  .13 

.12 ' 

•91 

.69  +  .08 
.72  7  .07 
.76  7  .ok 
•72  +  .06 
.76  +  .05 
•77  t  .08 
.76  7  .08 
*7^  I  -07 
•74 
.80 

•77 

.81 

.83 
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.  At 

It  Is  seen  from  Figure  4.4g  that  the  tolerances  on  Brj/T0  j-p>er  the  entire 
i&nge  of  scatter  froa  eome  constant  value,  while  those  on  Gj-j/Ts  do  to 
except  for  two  points.  J 

A  similar  error  analysis  has  been  worked  through  for  slot  II  but 
the  details  rill  not  be  presented;  similar  results  are  obtained.  It  is 
thus  confirmed  that  the  expectation  of  a  constant  value  for  Tj>j/T0  consti¬ 
tutes  a  very  severe  check  of  all  the  paramesra  involved,  in  that  slight 
errors  in  otherwise  reasonable  data  may  give  rise  to  a  considerable  scatter 
in  the  result. 

In  Figure  4,49,  two  sets  of  points  art?  given  corresponding  to  the 
somi-experinental  data.  The  circle!  points  correspond  to  a  %>/T0  value 
equal  to  that  given  in  Table  4-7,  wblie>  the  crosses  correspond  to  a  slight 
change  fu  that  value.  The  exact  amountb  are  given  on  the  figure;  all  of 
the  other  quantities  are  the  same  for  both  sets  of  points.  The  circled 
points  indicate  a  slight  slope  which  is  largely  eliminated  by  the  better 
choice  for  T0/Tq.  However,  the  original  cJ^oice  is  actually  quite  adequate 
for  obtaining  satisfactory  engineering  results  for  the  parameters  of  the 
overall  network,  as  seen  in  Figures  4.45  and  4.46,  where  such  severe  demands 
are  not  made  on  the  accuracy  of  all  the  components  of  the  composite  network. 

2.)  The  Slot-coupled  E  Plane  Tee 

The  geometry  of  the  thick  slot-coupled  E  plane  Tee  is  given  in 
Figure  4.51,  together  with  its  overall  equivalent  circuit  representation  at 
invariant  reference  planes.  It  is  at  these  reference  planes  that  the  ex¬ 
perimental  data  for  this  thick  slot  were  taken.  The  parameters  are  3../T  . 
ntk  *  2J?tk  and  tk-  The  measurement  procedure  used  to  determine  the 
parameters  of  the  thick  slot  are  similar  to  those  for  the  thin  slot.  The 
pertinent  experimental  techniques  are  discussed  in  Fart  II,  Sec.  A,  3)* 
Measurements  were  taken  on  a  slot  of  cross-section  dimensions  a*  =  .809", 
b1  »  .15tr  in  X  band  waveguide  at  a  wavelength  of  3*20  cmn.,  as  a  function 
of  the  slot  thickness  t. 

The  theoretical  parameters  for  the  overall  network  of  Figure 
4.51-(b)  are  obtained  by  the  use  of  the  composite  network  given  in  Figure 
2.10.  The  overall  thick  slot  structure  is  considered  to  consist  of  an  I 
plane  Tee  junction  coupled  to  a  transverse  junction,  or  change  of  cross- 
section,  by  means  of  a  length  of  guide  equal  to  the  slot  thickness.  The 
E  plane  Teee  junction  is  shown  in  Figures  2.9“(l>)  and  (c) ,  with  regard  to 
its  geometry  and  its  equivalent  network  at  both  the  centerline  and  invari¬ 
ant  reference  planes.  The  notation  associated  with  the  parameters  of  the 
networks  is  also  given  in  the  figures.  The  geometry  and  equivalent  network 
for  the  transverse  junction  are  given  in  Figure  2.9”(a).  The  text  associat¬ 
ed  with  these  figures  includes  further  informatics  concerning  these  compon¬ 
ents  of  the  composite  network. 
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PHYSICAL  STRUCTURE 
(0) 


INVARIANT  REPRESENTATION 

(b) 


Figure  4.51  -  The  thick  slot-coupled  E  plane  Tee. 


The  composite  network  is  partly  at  centerline  and  partly  at  in¬ 
variant  reference  planes;  it  is  chosen  in  this  manner  to  simplify  the  cal¬ 
culations.  The  E  plane  Tee  Junction  component  of  it  is  that  at  invariant 
reference  planes  and  is  the  one  shown  in  Figaro  2.9-(c).  However,  the 
theoretical  parameters  for  this  junction  are  available  directly  for  th* 
centerline  representation  of  Figure  2.9**(b),  thus  requiring  the  shifting  of 
these  value 8  to  the  invariant  reference  planes.  The  necessary  relatione 
are  given  in  Table  2-V.  The  shift  of  the  reference  plane  in  the  stub  guide 
fi<»m  TJ  to  T-j  is  accounted  for  by  altering  the  length  of  the  coupling  trans¬ 
mission  line,  as  shown  in  Figure  2.10;  the  network  of  Figure  2.9“(&)  “ay 
then  be  used  directly. 
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The  parameter*  of  the  Tee  junction  of  figure  2.9-(b)  are  obtained 
theoretically  as  follows:  B^j/Tq  is  equal  to  3,/l0  which  is  given  by  equa¬ 
tion  (3*129) t  Vj/T0  is  given  by  Equation  (3.I2O),  ^j/20  is  taken  as  zero, 
and  ncj  is  equal  to  ^  n^  ,  where  n,.  is  given  by  Equation  (3.123)  or  (3*125), 
depending  on  the  slot  dlaensiCns,  and  n^  by  equation  (2*1).  The  theoretical 
values  for  the  parameters  of  the  transverse  junction  of  figure  2.9-(a)  are 
obtained  as!  n*  is  given  by  equation  (2.1),  f  is  taken  as  zero,  and  Btj/T0 
is  equal  to  B^/2  T0,  where  B^/To  1»  given  by  equation  (3.IO7)  or  (3.108J, 
depending  on  the  slot  dimensions,  for  the  particular  slot  on  which  measure¬ 
ments  were  taken,  the  above  component  parameter  values  were  determined  as: 

VT®  "  -*<>9  .  BaJ  !\  -  -  -026 

nci  -  .617  ,  at  »  .630 

»«A  *  -a2 

When  the  Tee  junction  parameters  are  shifted  to  the  invariant 
reference  planes,  they  become: 


V1. 

.319 

Hj  3  .602 

A'i 

S*  -  .0396  , 

2  =  .0146 

Parameter  2  £ j  depends  only  on  Baj/lp  ,  but  the  other  parameters  are  rela¬ 
ted  to  all  the  parameters  of  centerline  representation  and  sensitive  to 
small  changes  in  any  of  them.  Once  all  the  component  parameters  of  the 
composite  representation  of  figure  2.10  are  known,  the  parameters  of  the 
overall  network  of  figure  4,51  may  be  obtained  by  means  of  the  relations 
given  in  table  2-111. 

Theoretical  values  in  graphical  form  for  most  of  the  parameters 
discussed  above  are  given  in  Sec.  A  of  thiB  part  of  the  report.  However, 
Bince  values  of  n2  are  not  given  there  they  are  now  given  in  figure  4.52. 
The  values  are  plotted  at  a  function  of  relative  Blot  width  a  =  a1  /a,  with 
relative  slot  height  M  b'/b  &b  a  parameter;  the  values  are  valid  for  X 
band  waveguide  at  a  wavelength  of  3*20  cob.,  as  were  the  other  numerical 
values  quoted.  It  may  be  noted  that  when  as  1,  n£  =  and  if  a  is  small, 


e  4a  p/n2  (4.13) 
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The  experimental  results  for  the  parameters  of  the  overall 
equivalent  network  are  listed  in  Table  4-7 II I . 


TABU  4-7III 

THICK  SLOT-COUPLED  X  PLANE  TIE 
Experimental  Results 

a'  =  .809"  ,  b‘  *  .159*  ;  x  =  1.7644  ,  3.5611 

& 

a' /a  »  .899  ,  V/b  =  .398  ;  X'  =  2.0108  ,  ^  »  3.1247 

& 

V/T  a  *•'/*  *  *8775 
0  0 

t  ,  “4  2  ^tk  ftre  in  inclle•, 


For  four  of  the  thickness  values,  two  sets  of  results  are  given; 
the  second  set  in  each  case  is  obtained  by  reversing  the  structure  and  re¬ 
peating  the  measurements.  The  reversals  serve  both  as  a  check  on  the  results 
and  as  a  rougi  guide  to  their  precision.  As  seen,  parameter  does  not 

vary  with  the  slot  thickness. 


Comparisons  between  the  experimental  results  listed  in  Table  4-7111 
and  the  theoretical  results  as  computed  from  the  composite  network  and  dis¬ 
cussed  above  are  given  in  Figures  4,53  4,55*  The  comparison  is  made  for 

parameters  and  ,  all  as  a  function  of  slot  thickness.  The 
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OVERALL  NETWORK 
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theoretical  predictions  are  represented  by  the  solid  lines  and  the  ejqperi- 
mental  data  by  the  Indicated  points.  The  reason  for  some  points  appearing 
as  pairs  Is  mentioned  above.  It  is  seen  thut  the  agreement  between  theore¬ 
tical  and  experimental  values  Is  very  satisfactory.  In  certain  ranges,  the 
parameters  plotted  ara  sensitive  to  some  of  the  component  parameters  and 
not  to  others;  In  other  ranges  this  Is  reversed.  Generally,  however,  the 
range  of  thickness  from  0.3"  to  0.6"  Is  the  most  sensitive. 

The  experimental  lata  and  a  portion  of  the  theoretical  data  for 
the  component  junctions  may  be  combined  to  yield  a  semi-experimental  value 
for  the  1  plane  Tee  junction  parameters.  The  relations  between  the  para¬ 
meters  of  the  composite  and  overall  networks  that  are  required  for  the  deter¬ 
mination  of  the  Tee  junction  parameters  are  given  in  Table  2- 17.  The  results 
of  such  calculations  as  a  function  of  slot  thickness  are  given  in  Figures 
4.36  and  4.37.  Two  sets  of  points  are  given  for  the  semi- experimental  data; 
the  encircled  points  utilize  the  theoretical  values  for  the  transverse  junc¬ 
tion  eaqjloyed  for  Figures  4.53  to  4.55,  while  the  crosses  use  n^  3  .625. 
rather  than  .630,  the  other  theoretical  values  remaining  the  same.  The 
actual  points  are  connected  by  dashed  lines;  a  solid  horizontal  line  is 
drawn  through  the  average  of  the  points  for  which  n^  =  .623.  The  reason 
for  the  latter  is,  of  course,  that  theoretically  one  expects  the  values  to 
remain  constant  independent  of  thickness. 

It  is  seen  that  a  scatter  is  obtained  for  the  plotted  points  in 
Figures  4.56  and  4.57;  fron  experience  with  the  thick  transverse  radiating 
slot  and  the  thick  transverse  slot  coupling  identical  guides  the  scatter 
occurs  because  this  method  of  utilising  the  data  is  one  which  is  very  sensi¬ 
tive  to  small  errors  in  the  initial  data.  The  value  of  n^  =  .625  *8  seen 
to  reduce  the  scatter  somewhat  and  it  is  for  this  reason  that  the  solid  line 
is  drawn  through  the  average  of  the  corresponding  points.  Only  one  set  of 
points  appears  for  parameter  2  since  it  is  directly  equal  to  2  2 ^  and  is 
therefore  independent  of  n^. 

By  means  of  Table  2"VT,  the  semi-experimental  parameters  obtained 
above  for  the  2  plane  Tee  junction  can  be  shifted  to  the  centerline  refer¬ 
ence  planes,  to  the  representation  of  Figure  2.9”(b),  thereby  permitting 
direct  comparison  with  the  theoretical  values  given  earlier.  These  shift¬ 
ed  semi-experimental  values  are  plotted  in  Figures  4.58  and  4. 59  as  a  func¬ 
tion  of  slot  thickness.  A  solid  horizontal  line  is  drawn  through  the  aver¬ 
age  of  the  points.  These  average  values,  together  with  the  theoretical 
predictions  for  these  parameters,  are  compared  in  Table  4- IX.  The  +  values 
associated  with  the  average  values  represents  the  scatter  shown  in  Figures 
4.^8  and  4.59. 
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TABLE  4-1 X 
B  PLANE  TEE  JUNCTION 

Centerline  Rep re eon tat ion 


Parameter 

Son  i- experimental 

Theoretical 

B_  j/Y 
bj'  0 

B»A 

°=J 

.60  t 

-  .0185  ♦  .002 

.618  +  .006 

0  ±  .01 

_ _ _ 

.609 

-  .026 

.617 

0 

It  is  seen  from  Table  4-JX  that  the  theoretical  values  for  the 
centerline  parameters  of  the  Tee  junction  are  in  good  agreanent  with  the 
8  emi- experimental  values,  except  for  Baj/Y0.  The  theoretical  value  for 
the  latter  parameter  lies  outside  of  the  scatter  indicated  and  is  about 
30  percent  too  high.  Since  it  is  such  a  small  quantity,  this  discrepancy 
is  not  serious.  It  seems,  however,  that  a  30  percent  lower  value  for  the 
theoretical  prediction  for  Baj/Y0  should  be  recoasnended  in  view  of  the 
above,  find  also  because  the  Baj/Y0  value  was  assigned  theoretically  to  be 
identical  vith  the  B^Yg  value,  i.e.,  it  was  assumed  to  depend  only  upon 
the  size  of  the  slot  as  seen  from  the  main  guide  and  independent  of  the 
dimensions  of  the  stub  guide.  The  calculation  of  Ba/^o  involved  a  free 
apace  spatial  admittance,  with  the  tacit  assumption,  therefore,  that  the 
waveguide  walls  were  not  too  near;  for  the  Tee  junction,  however,  they  are 
right  next  to  the  slot  and  one  can  expect  a  change  in  the  Ba/Y0  value.  The 
change  is  difficult  to  estimate,  and  further  the 'retical  investigation  was 
not  considered  worthwhile  because  the  susceptance  value  itself  is  so  small. 
Using  Table  4- IX  as  a  basis,  a  semi- theoretical  prediction  for  may 

therefore  be  given  as 

B  7 Y  =  O.7  B  / Y  (4.14) 

aj'  0  1  a  0 

when  the  slot  size  is  identical  in  both  cases. 
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When  theoretical  values  of  B^/Tq  ,  and  for  the  overall 

network  are  obtained  using  the  Baj/Y0  value  given  by  Equation  (4.l4),  the 
agreement  with  experiment  becomes  even  closer  than  that  shown  in  Figures 
4.53  to  4«5f, .  This  Is,  of  course,  to  be  expected,  since  the  latter  value 
for  Baj/l0  is  obtained  from  an  average  of  the  experimental  data.  Graphs 
illustrating  this  Improved  agreement  will  not  be  given  here,  however. 

•$.)  The  E  Plane  Ba Hating  Slot 

The  geometry  of  the  thick  X  plane  radiating  slot  Is  given  in 
Figure  4.60,  together  with  its  overall  equivalent  circuit  representation  at 
Invariant  reference  planes.  Zt  is  at  these  reference  planes  that  the  exper¬ 
imental  data  for  this  thick  slot  were  taken.  The  paramters  are  G^T0  , 

B  ^/T  and  2  The  measurement  procedure  and  the  experimented  techniques 


PHYSICAL  STRUCTURE  OVERALL  EQUIVALENT  NETWORK 

(O)  (b) 

Figure  4.60  -  The  thick  E  plane  radiating  slot 

employed  are  discussed  in  Part  II,  Sec.  B,  in  4)  and  3),  r  ?spect  Ively.  The 
thick  slot  upon  which  measurements  were  taken  Is  Identically  the  one  used 
for  investigating  the  thick  slot-coupled  E  plane  Tee.  In  fact,  immediately 
after  each  Tee  measurement,  the  slot  was  arranged  to  radiate  Into  a  half 
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space  and  the  appropriate  measurements  were  taken.  This  means  that  not 
only  are  the  cross-section  dimensions  the  same,  but  the  slot  thickness 
values  at  which  data  are  available  aie  the  same  also,  for  the  most  part. 

(For  two  thickness  values  only  Tee  data  were  taken,  while  at  one  value 
measurements  were  made  only  on  the  radiating  slot.)  The  dimensions 
are  a’  =  .809"  by  b'  =  .159 ",  and  the  slot  thickness  was  varied  from  .80" 
to  .40",  approximately. 

The  theoretical  parameters  for  the  ovezall  network  of  Figure 
4.6o-(b)  are  obtained  by  use  of  the  composite  network  given  in  Figure  2.19* 
The  overall  thick  slot  structure  is  considered  to  consist  of  an  E  plane 
Tee  Junction  coupled  to  a  transverse  radiating  Junction  by  means  of  a 
length  of  guide  equal  to  the  slot  thickness.  The  E  plane  Tee  Junction  is 
shown  in  Figures  2.9-('b)  and  (c),  where  the  physical  structure  and  the 
equivalent  networks  at  both  the  centerline  and  invariant  reference  planes, 
respectively,  are  given.  The  geometry  and  equivalent  network  for  the  trans¬ 
verse  radiating  Junction  are  shown  in  Figure  2.18.  The  notation  associated 
with  the  paramete-8  of  these  networks  is  also  given  in  the  figures.  The 
text  associated  with  these  figures  include  further  information  concerning 
these  components  of  the  composite  network. 

The  composite  network  of  Figure  2.19  is  at  the  invariant  refer¬ 
ence  planes;  the  E  plane  Tee  Junction  component  of  it  is  also  shown  in 
Figure  2*9_(c).  However,  the  theoretical  parameters  for  this  junction  are 
available  directly  for  the  centerline  representation  of  Figure  2»9“(U), 
thus  requiring  the  shifting  of  these  values  to  the  representation  at  the 
invariant  reference  planes.  The  necessary  relations  are  given  in  Table 
2-7.  The  network  of  Figure  2.18  connects  directly  to  the  other  end  of  the 
intervening  transmission  line  representing  the  3lot  thickness. 

The  equations  to  use  in  order  to  obtain  the  theoretical  values 
for  the  parameters  of  the  E  plane  Tee  junction  at  centerline  reference 
planes  are  discussed  in  the  previous  section,  i.e.,  on  the  thick  slot- 
coupled  E  plane  Tee.  Also  given  thsre  are  the  numerical  values  for  the 
slo t  under  consideration.  However,  attention  is  called  to  Equation  (4.l4), 
which  relates  Baj/Y0  to  Ba/Y0  on  the  basis  of  the  experimental  investiga¬ 
tion  described  in  the  previous  section,  rather  than  by  theoretical  con¬ 
siderations  alone.  It  is  pointed  out  there  that  Bai/Y0  =  0.7  ?a/Y0  yields 
a  better  value  than  =  Ba/^o  *  '*hich  ,  B  the  approximate  theoretical 

prediction.  Using  the  u.|  factor,  the  centerline  representation  parameters 
for  the  S  plane  Tee  junction  are  I 
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idler*  all  parameter*  except  B  ,/ T  are  the  ease  as  those  used  for  thick 

ftj  0 

slot-coupled  Tee.  When  the  network  le  shifted  to  the  invariant  reference 
plane* ,  however,  the  values  are  slightly  different  from  those  used  for  the 
thick  Tee;  they  become  I 

B  / Y  =r  .405  ,  n  »  .606 

j  o  j 

^  =  -  .0278  ,  2*j  =  .0104 

The  theoretical  values  for  the  parameters  of  the  transverse 
radiating  junction  *,re  obtained  from! 


G  7Y  =:  nf 
rj'  0  t 

Vr. 

(4.15a) 

B  ./T  =  r£ 

rj'  0  t 

VTo 

(4.1pb) 

Expressions  for  G 1104  Bh^o  &rB  given  in  Part  ***»  Sec»  E*  3)  *  nt  1-8 
given  by  Equation  (2.1) • 

For  the  particular  slot  on  which  measurements  were  taken,  the 
parameters  of  the  component  transverse  radiating  junction  arel 

®pA  "  033  •  VT=  -  -305 


Once  all  the  component  parameters  of  the  composite  representation  of  Figure 
2.19  are  known,  the  parameters  of  the  overall  network  of  Figure  4.60  may  be 
obtained  by  means  of  the  relations  given  in  Table  2-IX. 

Experimental  results  for  the  parameters  of  the  overall  equivalent 
network  are  listed  in  Table  4-X. 
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TABU  4-X 

THICK  1  PLANS  HAJDIATING  SLOT 
Experimental  Results 


809" 

,  b>  = 

.159"  ; 

x  » 

8 

1.7644  , 

X  -  3.5611 

S99 

.  Wb  = 

•393 

X*  = 

e 

2.0108  , 

ee'  -  3.1247 

YJ/Y0  =  =.  .8775 


Slot  thickness  t  is  In  inches. 


The  reason  for  the  two  sets  of  values  for  most  of  the  thicknesses 
was  given  in  the  discussion  on  the  thick  Blot-coupled  Tee.  The  values  of 
2J8^k  are  the  san3  as  those  for  the  thick  Tee,  and  therefore  are  not  re¬ 
ported  here.  Their  measurement  from  the  Tee  stricture  is  the  more  accurate 
one,  since  it  is  obtained  directly  from  a  (sensitive)  zero  power  measurement. 
Parameters  R*.^/ZQ  and  X^/ Z«  are  included  as  alternative  parameters,  in 
series  from  (see  Figure  2.1o),  to  G^Y  and  ^tk/^o  in  P®1®!!®!  ^ora» 

Comparisons  "between  the  experimental  results  listed  in  Table  4-X 
and  the  theoretical  results  as  computed  from  the  composite  network  and 
discussed  above  are  given  in  Figures  4.6l  and  4.62,  for  B^k/Yo  and  G^k/fot 
respectively.  The  theoretical  predictions  are  represented  by  the  solid 
lines  and  the  experimental  data  by  the  indicated  points;  both  are  plotted 
as  a  function  of  slot  thickness.  The  reason  for  most  of  the  points  appear¬ 
ing  as  pairs  is  mentioned  above.  It  is  seen  that  the  agreement  is  quite 
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satisfactory*  The  curves  are  repetitive  for  each  inch  of  slot  thickness 
because  the  slot  guide  wavelength  is  approximately  two  inches*  In  the 
range  shown,  the  region  from  t  =  0*23"  to  0*55"  is  most  sensitive  to  sligit 
variations  in  the  parameters  of  the  component  Junctions;  outside  of  this 
range,  the  results  are  relatively  insensitive  to  them. 


The  experimental  data  for  the  overall  network  and  the  theoretical 
data  for  the  X  plane  Tee  Junction  may  be  combined  to  yield  semi -experimen¬ 
tal  values  for  the  parameters  of  the  transverse  radiating  Junction.  The 
relations  between  the  parameters  of  the  composite  and  overall  networks  that 
are  required  for  this  det  elimination  are  given  in  Table  2-X.  The  results  of 
such  calculations  as  a  function  of  slot  thickness  are  given  in  Figures 
4.63~(a)  and  (bj .  The  semi-experimental  data  are  represented  by  the  indi¬ 
cated  points,  and  dashed  lines  are  drawn  connecting  these  points.  A  solid 
horizontal  line  is  superimposed  on  the  curves  to  Indicate  the  average 
values.  Results  for  t  =>  0.6*  are  indicated,  but  are  excluded  from  the 
dashed  line  average  because  of  their  large  deviation.  Since  it  happens 
coincidentally  that  only  one  set  of  data  was  obtained  for  t  =  0.6",  there 
is  no  check  available  on  its  accuracy.  It  may  also  he  seen  from  Figure 
4.62  that  the  experimental  value  of  Gtk/T0  for  t  =  0.6"  shows  a  larger 
deviation  from  the  theoretical  curve  than  any  of  the  other  values,  even 
though  it  is  Just  outside  of  the  sensitive  region. 


The  scatter  evident  in  these  curves  is  similar  to  that  appearing 
in  corresponding  curves  for  the  thick  transverse  radiating  slot  and  the 
thick  slot-coupled  £  plane  Tee;  the  scatter  is  due  to  the  great  sensitivity 
of  the  results  cast  in  this  form  to  small  errors  in  the  initial  data.  The 
average  of  the  semi-experimental  results  is  compared  with  the  theoretical 
predictions  in  Table  4-XI;  the  +  values  associated  with  the  semi-experimen¬ 
tal  results  are  indicative  of  the  scatter.  Also  Included  in  the  table  are 
the  corresponding  semi -experimental  results  for  B  ,/ Y  and  G  ./ T  obtained 

0  «**  0  . 

from  the  thick  transverse  radiating  slot.  (The  values  of  B  ./I  and  G  ./ Y 

rj  0  rj  0 

given  there  (in  Figure  4.4g)  become  those  of  B  ,/Y  and  G  / Y  upon  multi¬ 
plication  by  =  0.396.)  rj  0  rJ  0 
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TJL3LE  4-XI 

TRANSVERSE  RADIATING  JUNCTION 


Parameter 

Semi -experimental 

Theoretical 

From  Figs .  4,63 

From  Figs,  4.4g 

B  ,/Y 
rj  o 

G  ./Y 
rj'  o 

.307  +  .010 

.345  +  .020 

.300  ±  .015 

.360  +  .030 

.305 

•333 

It  it  evident  from  the  table  that  the  theoretical  values  lie 
within  tho  scatter  indicated,  although  the  theoretical  value  for  Grj/Y0 
lies  just  at  the  lower  Unit  of  the  scatter  for  Figure  4.4s.  The  agree¬ 
ment  for  3rj/Y0  is  very  good.  The  serai-experimental  data  for  &rj/ Y0  are 
consistently  slightly  higher  than  the  theoretical  prediction,  implying 

that  a  somewhat  bettor  theoretical  value  for  G  ./Y  is  obtainable  from 

rj  o 


G  / Y  =  1.C5  a?  G  /I  (4,l6) 

rj  o  t  r  o 


rather  than  from  Equation  (4,15a).  The  scatter  for  the  conductance  values 
is  also  soen  to  be  greater  than  that  for  the  susceptance  values.  The  scatter 
for  the  data  of  Figure  4.63  is  also  less  than  that  for  Figures  4.4g,  because 
the  latter  involves  two  point  data  only,  while  the  foimer  employs  an  aver¬ 
aging  procedure  for  the  data. 
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V.  THE  STUDY  OF  A  HALF  SPACE  IS  TEEMS  CF  SPHERICAL  TPJffSMISSICE  LUIS 

(L.  Felsen) 

I 


A.  The  Utility  cf  a  Spherical  Transmission  Line  Description 

In  describing  the  effect  of  an  obstacle  on  tbe  field  in  a  given 
region  excited  by  an  electromagnetic  source,  it  is  often  advantageous  to 
regard  the  field  as  a  superposition  of  an  infinite  number  of  modes  whose 
amplitudes  satisfy  transmission  line  equations  characteristic  of  the  given 
region.  Such  a  representation  is  particularly  useful  if  it  is  found  that, 
for  a  given  geometry,  the  field  can  be  very  closely  approximated  by  three, 
two,  or  perhaps  even  one  so-called  propagating  modes.  In  that  case  the 
infinite-mode  space  is  replaced  by  three,  two,  or  one  transmission  lines, 
respectively,  propagating  the  nodes  in  question.  Since  for  each  mode  a 
node  voltage,  mode  current,  and  mode  characteristic  inqpedance  is  specified, 
the  impedance  offered  to  each  propagating  mode  by  an  ohstacl e  can  be  con¬ 
veniently  defined.  This  impedance  takes  into  account  the  eifect  of  higher, 
"non-propagating"  modes  which  are  generated  by  induced  currents  on  the 
obstacle. 

For  the  case  of  the  far  field  set  up  in  a  half-space  hy  a 
radiating  slot  in  an  infinite  plane,  a  spherical  mode  description  is 
especially  convenient  since  far  from  the  aperture,  which  is  centered  about 
the  origin  of  coordinates,  the  source  looks  like  a  point  so  that  the  far 
fields  are  essentially  transverse,  i.e.  true  spherical  waves,  centered  at 
the  origin.  The  spherical  line  representation  of  the  half-space,  however, 
can  he  of  practical  value  only  if  it  were  found  that  a  small  number  of 
modes  suffices  to  give  a  close  approximation  to  the  field,  making  possible 
the  replacement  of  the  half- space  by  Ihis  small  number  of  transmission 
lines.  This  problem  was  investigated1  for  the  case  of  narrow  rectangular 
slots  (b’/a1  in  an  infinite  plane  excited  by  a  cosine  electric  field. 

Details  of  this  investigation  are  given  in  Sec.  B.  It  was  found  that,  far 
from  the  aperture,  the  field  can  be  reproduced  almost  exactly  by  the  , 
H.  ,  and  spherical  modes.  In  the  neighborhood  of  th.i  Z  -  axis 
(see  Figure-^ •!)  only  the  and  H^_  modes  are  important. 


L.  Fel3on,  "Spherical  Mode  Representation  of  the  Field  Excited  by  a 
Rectangular  Slot  in  an  Infinite  Plane",  Thesis  forM.E.E.  Degree,  P.I.B., 
19^. 


I 

1 

»  » 
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Tignre  5.1 

Tor  very  small  slots  the  H_  -node  alone  is  sufficient.  In  all  cases,  the 
mode  is  by  far  the  mostimportant  one;  it  carries  practically  the 
ertire  power  radiated  from  the  slot. 

The  knowledge  of  the  equivalent  network  for  a  slot  coupling  a 
rectangular  waveguide  to  a  spherical  waveguide  is  necessary  for  the  formula¬ 
tion  of  lapedaaces  in  a  spherical  line  from  measurements  in  rectangular 
guide.  With  the  results  of  the  previous  paragraph  in  mind  It  is  reasonable 
to  represent  the  half-space  as  a  good  approximation  by  a  single  spherical 
transmission  line  propagating  the  E_  mode  only.  This  principle  has  been 
applied  to  finding  the  equivalent  four-terminal  circuit  for  a  thin  trans¬ 
verse  slot  radiating  into  a  half-space  from  the  end  of  a  rectangular 
waveguide.  Before  discussing  possible  representations  for  the  coupling 
effect  of  the  slot,  some  of  the  basic  considerations  underlying  the  spheri¬ 
cal  transmission  line  approach  will  be  dealt  vlth. 


B.  Spherical  Mode  Representation  of  the  fields  in  a  Half-Space 

The  electromagnetic  fields  in  the  half -space  are  uniquely  deter* 
mined  by  specification  of  either  the  tangential  electric  or  magnetic  field 
components  along  all  bounding  surfaces  of  thS  region.  Thus,  for  the  given 
c?se  it  suffices  to  specify  that  the  tangential  electric  field  S  x£ 
vanishes  along  the  metal  sheet  and  along  *n  infinite  hendsphtrs  centered 


» 


! 
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about  the  origin  (i.e.,  no  source*  at  infinity)  t  and  has  the  value  M  in  the 
aperture.  The  unit  rector  n  normal  to  the  bounding  surfaces  polnts'lnto 
the  half-space.  The  exciting  field  in  fhe  aperture  region  is  equivalent  to 
a  magnetic  surface  current  distribution  on  a  solid  metal  plat*  of  density  M, 
which  can  be  regarded  as  the  result  of  a  superposition  of  magnetic  current 
elements  distributed  orer  the  aperture,  insider  one  such  elsnont  located 
at  (r* ,  n/2,  #')  (cf.  figure  5»1) •  8ince  its  rector  direction  lies  in  the 
plane  of  the  metal  sheet,  the  field  it  produces  at  (r,  9,  $)  is  identical 
with  its  free  space  field  sare  for  a  factor  of  tvo  because  of  the  imaging 
effect  of  the  plate.  If  the  element  oscillates  with  angular  frequency  a,  it 
has  a  magnetic  dipole  moment  (— j/ac)  K  ( r * ) , ^  and  its  free  space  Hertz  rector 
is 


TT(r.r')  - 


.  ■  ■  ■ 
4  tr  a  » 


M  (r') 


•Jk  \t  -  r'  | 

> 

r  -  r'  | 


where  a  time  dependence  e^  ®  *  is  implied. 

The  magnetic  field  due  to  this  single  element  is  given  by 

*£(r,r')  »  (W  +  k2  c)  .  F(r  ,  r') 

where  £  is  a  unit  dyadic  such  that  <  .  la  i  .  £*  A  .  The  toted  fid!  due 
Ho  all  the  source  elements  is  then  found  by  superposing  contributions  from 
the  entire  aperture  (taking  account  of  the  imaging  due  to  the  screen)! 


-!W  ■  ^ 


ap 


‘  J  k  i£  -  £* 

l 

fr  -  r»  | 


.  M  (r»)  d  S'  (5.1) 


where  the  rector  differential  operator  V  V  .  operates  only  on  the  unprimed 
(field  point)  coordinates. 

If  r»  r'  ,  then  Jr  -  r'  |  Hr,  r  -  r*  cos  Y  ,  and  one  obtains  for 
the  far  field,  neglecting  all”terms  decaying  more  rapidly  than  l/r: 


"Jkr  (C 

H(r)  =  H.  (r)  =  — -  ( c~  r  r)  .  1  I  nxf  ( r! ) 

- far  — t  -  far  2n  r  -0  “O  JJ - - 


jkr'cosY 
}  e  d  S' 


ap 


(5.2) 


2  T.  A.  Stratton,  "Electromagnetic  Theory*,  Secs.  S.4  and  8.5  (by  duality) 


240 


Y/nich  yields  a  purely  transverse  vector  in  soherical  coordinates,  since 
<#-rorosdofl+^o^j.  For  the  magnetic  density  H,  its  value  £  x  n  in 
terms  of  the  slot  electric  field  has  been  substituted,  r  ,  8  ,  and  6  are 
unit  vectors  in  the  r,  9,  and  $  directions,  tMle  Y  is  the  an^le  "between 
vectors  r  and  r*  which  connect  the  origin  vlth  the  observation  point 
P  (r,  8,  $)  and  the  source  point  (r*,  tt/2,  4')  in  the  anerture,  respective¬ 
ly  (set  Figure  5.1).  If  the  field  i  r.  the  aperture  is  assumed  as 


£  (r1)  =  %o  £q  cos  =  E0  cos  “7“  (.Ig  sin  +  Jtg  C03  <M)  (5*3) 


then  integration  of  (5*2)  yields  for  the  squared  field  amolituces  (ve  sub¬ 
stitute  r*  cos  V  =  x*  sin  0  cos  +  y'  sin  0  sin  and  integrate  over  x' 
and  y* ) \ 


-j  kr 

n.2  L.1  <0  c  Bo  e _ 12  /4  a'v2  /k  b'v2 

t  P  2  tt  r  Y  '  krr  '  v  2  ' 


(5-4) 

sin2  sin8  sin$)  cos2  (^a—  sin0  cos<{0 


2 

y/here  is  normalized  so  that  its  maximum  value  (for  8  =  0)  is  unity,  a1 
and  b1  are  the  aperture  dimensions  parallel  to  the  X  and  Y  axis,  respectively. 

In  accord  with  the  field  assumption  in  Equation  (5*3)  the  magnetic 
current  elements  are  directed  along  the  X  axis.  If  the  slot  is  long  and 
narrow  (under  these  conditions  the  assumed  field  choice  is  most  reliable  if 
the  slot  is  excited  appropriately  from  a  rectangular  guide)  the  E  lines  are 
approximately  circular  abcut  the  X  axis.  Thus,  any  radial  vector  will  inter¬ 
sect  the  E  lines  orthogonally  so  that  the  proolem  can  be  analyzed  approxi¬ 
mately  ir.  terms  of  H  modes  alor.e.  In  general,  the  spherical  mode  represen¬ 
tation  for  the  transverse  magnetic  field  is  given  by:3 


I]  (r)  I"  (r) 

- - h[  $)  (9,  $) 


(5.5) 


3 


N.  Marcuvitz,  "Waveguide  Handbook",  McGraw-Hill  Book  Co.,  IT evr  York;  1951- 
Secs.  l.S  and  2.S. 


where  the  single  primes  denote  E  modes  and  the  double  primes  denote  H  nodes. 
For  this  analysis,  the  double  primed  quantities  alone  are  excited,  and  in 
the  following  the  primes  will  be  omitted  altogether  since  only  H  modes  are 
considered.  The  i-th  mode  current  far  from  the  slot  is  given  by  (i  stands 
for  a  double  index  mn)  . 

b*  a' 


(2) 

V  r>  ■  I  <  <*>  *0  j  j 


2! 

2  “  2 


X  J  (hr1)  V-.h.^')  y'  ^'(kr1)  6  •  h-^'jV  dx'  dy' 

jk  n  t_1  n  ^  j  (5*6) 

and  r'2  =  x'2  +  y'2.  For  i  *  (1,1),  i=  (1.3).  1  =  (5»3)»  the  ^  functions 
under  the  integral  in  Equation  (5.6)  are  n 


(kr)3 


Older)  =  ^fr-  -  CO.  to  :  Sj(to)  =  jl  -  kr-  5  -  kr 

while  the  terms  involving  the  node  functions  h^(9,  $)  become  (for  d'=  mf)l 

**-Kx  ’■•lTssPt  t- h.i  -  -  UF ’l*  *' 

i-h.3  =  sjr*lr-t’ 

T*4  cos3*'  - 3  cos*’> 

4-  -3,3  -  - 

it.  j  I 

cos  (J  =  x’/r'  sin  141  =  y'/r’ 


(5.7) 


-  4sin3^' ) 


This  expression  and  others  are  derived  in  a  forthcoming  report  on 
spherical  transmission  lines. 
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PLOT  OF  SQUARED  FIELD  AMPLITUDES  Ht'2 

AGAINST  POLAR  ANGLE  0  FOR  TWO  DIFFERENT  VALUES  OF  $ 

SLOT  DIMENSIONS:  a'*.630w,  b'~.l20tt 

” - H„MODE. 

LEGEND - <H„+Hi3)  MODES. 

Lttotnu - (H„+Hia+H33)  MODES. 

- - EXACT. 
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In  order  to  check  how  many  terms  In  the  spherical  mode  ejqpansion 
(5.5)  are  necessary  for  slots  of  different  cizes  to  closely  reproduce  the 
exact  result  In  (5**0,  three  apertures  with  the  following  dimensions  were 
chosen*.  I)  a'  =  .630"  =  A/2,  b'  =  .120";  II)  a:  =  .33-5".  =  .120*  ; 

III)  a'  =  .900",  h'  =  .120".  It  was  found  that  the  H.. ,  E., ,  and  B„  nodes 
yield  a  close  approximation  in  all  cases.  The  degree  of  approximation 
achieved  with  the  mode  alone  varies  with  the  shape  of  the  slot.  Tor 
the  small  slot  (II);  the  H..  mode  contribution  clone  represents  the  entire 
field  for  most  practical  purposes,  while  for  the  large  slot  (III),  the 
discrepancy  between  that  lowest  mode  and  the  exact  result  is  appreciable. 

To  demonstrate  the  shape  of  the  field  amplitude  curves,  the  pattern  obtain¬ 
ed  from  slot  (I)  is  plotted  in  Figure  5*2  in  two  mutually  perpendicular 
planes  (f  =*  0  and  <J>  =V 2)  together  with  the  exact  solution.  It  1b  to  be 


noted  that  only  the  and  E-_ 
nity  of  the  8  =  0  axis;  the  err 
the  infinite  plane.  In  the  $  = 


IL,  nodes  contribute  to  the  field  in  the  vici- 
errect  of  the  E7_  mode  is  most  pronounced  near 
$  =  0  plane,  th«r  field  iue  to  the  combined 


effects  of  the  H^,  B__,  and  E„  modes  has  not  been  plotted  since  it  agrees 
very  closely  witnthe  exact  result.  Therefore,  the  field  incident  from  the 


clot  on  an  obstacle  confined  to  a  small  region  about  the  0  =  o-axls  is  con¬ 


veniently  expressed  as  the  contribution  from  two  modes,  or,  as  a  first 
approximation,  as  a  one-raode  field. 


If  the  slot  in  the  infinite  plane  is  nov  regarded  as  a  transverse 
discontinuity  terminating  a  rectangular  waveguide  the  analysis  is  exactly 
as  pointed  out  above  except  that  the  cosine  aperture  field  is  nov  only  a 
good  guess  value.  To  determine  the  true  field  requires  the  solution  of  an 
integral  equation  which  poses  prohibitive  difficulties.  A  variational 
formulation  for  the  field  in  the  half-space  might  be  attempted  in  which 
first  order  errors  in  the  guessed  slot  field  introduce  only  second  order 
errors  In  the  space  field.  Eowever,  it  is  felt  that  such  a  formulation, 
though  quantitatively  more  accurate,  will  not  radically  change  the  results 
obtained  from  a  Kirchhoff-type  integration  of  the  cosine  guess  field  over 
the  aperture.  The  mein  purpose  of  the  investigation  was  to  determine 
whether  a  single  mode  representation  of  the  half-space  is  feasible.  As  a 
first  approximation  this  certainly  appears  to  be  the  case. 


It  is  interesting  to  note  that  the  power  radiated  from  the  slot 
is  almost  entirely  carried  by  the  E-.  spherical  mode  regardless  of  slot  size. 
This  brings  out  the  Important  fact  that  although  three  nodes  are  necessary 
in  general  to  closely  specify  the  field  at  points  far  from  the  aperture,  the 
integrated  effect  of  the  field  (namely  the  power)  is  given  by  one  mode  alone. 
To  demonstrate  the  relative  magnitude  of  the  portions  of  radiated  power 
carried  by  the  three  above-mentioned  modes  the  results  of  the  calculation  for 
slot  ( I)  are  given  below.  The  radiated  power  obtained  by  integrating  the  far 
field  over  a  transverse  cross-section  is  given  by 
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2tt  tt/2 

/*  f  ^  r2  .In  e  d  e  d  ♦S'  5  dfx  +  i*3  ♦  i|3)  (5.8) 

0  ^  0 

wiere  5  =  l/fl  *  /l*/ «  ,  the  series  for  (r  H,)  has  been  substituted  from 
(5*5).  and  the  expreesion  for  I.  is  given  in  Equation  (5.6).  For  slot  (I), 
the  result  for  the  radiated  power  is 

P  =  Const,  x  (1  ♦  .00094  ♦  .OOI36)  (5.9) 

The  numbers  inside  the  bracket  on  the  rigfrit-hand  side  of  (5.9)  are,  respec¬ 
tively,  the  relative  contributions  from  the  IL-,  H_  ,  and  H  modes.  A 
constant  has  been  factored,  out  to  compare  the  nigher  mode  contributions  with 
unit  power  carried  by  the  mode. 

The  correctness  of  the  radiated  power  derived  on  a  spherical  mode 
basis  is  conveniently  checked  by  computing  the  conductance  offered  by  the 
slot  to  the  rectangular  guide  which  it  terminates.  The  effect  of  the  slct 
radiating  into  the  matched  half-space  is  a  simple  tvo-teminal  network 
problem  and  can  be  represented  by  a  susceptance  B  and  a  conductance  &  as 
shown  in  Figure  5*3*  Ik®  conductance  G  is  attributable  entirely  to  the 
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WAVEGUIDE 

Eouivelent  Circuit  for  Slot  Radiating  into  Unbounded  Half-Space  from 

End  of  Rectangular  Guide 

Figure  5.3 

dissipative  properties  of  the  (matched)  half-space,  and  can  be  expressed  in 
terms  of  the  radiated  power  and  the  voltage  V  (with  respect  to  ^octangular 
guide)  in  the  plane  of  the  slot  as 


P 


0 


G 


(5.10) 
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The  voltage  V  in  the  aperture  plane  is  given  by 


e  -A? 
-g  »a  b 


cos 


V* 


(5*H) 


ap 


where  E  is  the  aperture  field,  e  is  the  vector  mode  function  for  the 
dominant  (H. )  mode  in  rectangula?  guide,  and  a  and  b  are  the  rectangular 
waveguide  dimensions  parallel  to  the  1  and  T  axis,  respectively.  If  0  Is 
evaluated  from  Equation  (5*10)  for  slot  (I)  it  is  found  that 


T  ii 
To  =  «  k 


(5*12) 


where  the  values  of  P  and  V  have  been  computed  from  Equations  (5*8)  and 
(5*11)  •  respectively,  and  anonaalization  with  respect  to  the  characteristic 
admittance  Yq  of  the  rectangular  guide  has  been  carried  out  in  order  to  per¬ 
mit  direct  comparison  with  the  measured  value.  The  conductance  measured  for 
slot  (I)  is  .78  (Final  Report,  Chap.  V,  Table  VI).  It  is  seen  that  the  agree¬ 
ment  is  quite  good.  For  slots  (II)  and  (III)  the  conductances  calculated 
from  Equation  ( 5 -12)  were  compared  with  computed  variational  results  since 
no  measurements  were  made  on  those  slot  sizes.  Here,  too,  close  agreement 
was  noted.  The  conductances  obtained  from  the  spherical  mode  analysis  were 
always  sli^itly  smaller  than  the  experimental  or  variational  results. 

The  results  listen  above  indicate  that  althou^i  an  infinity  of 
modes  propagate  in  the  half-space  a  single-mode  description  of  the  field 
yields  a  good  approximation  to  the  actual  conditions.  Certainly,  a  single¬ 
node  analysis  for  transmitted  power  appears  justified.  To  replace  the  half¬ 
space  by  a  single  spherical  transmission  line  is  a  most  useful  concept  if  it 
is  desired  to  find  the  scattering  properties  of  obstacles  placed  therein. 

The  impedance  of  such  obstacles  could  then  be  found  from  measurements  in  the 
rectangular  guide  which  are  very  conveniently  performed.  To  allow  a  transi¬ 
tion  from  rectangular- guide  to  spherical-line  quantities,  and  vice  versa,  it 
is  necessary,  however,  to  know  the  network  coupling  the  two  waveguides.  In 
the  next  section,  a  discussion  of  the  theoretical  determination  of  the 
equivalent  circuit  for  the  slot  is  given. 
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C.  Theoretical  Evaluation  of  the  Slot  Equivalent  Circuit  Parameters 

In  order  to  find  the  equivalent  circuit  for  the  slot  radiating 
froQ  the  end  of  the  guide  it  is  necessary  to  relate  the  voltages  and  cur¬ 
rents  on  one  side  of  the  discontinuity  to  those  on  the  other*  Since  the 
half-space  is  to  he  represented  as  a  spherical  waveguide,  egressions  for 
voltage  and  current  (i.e.  transverse  electric  and  magnetic  field)  in  a 
spherical  guide  in  teras  of  known  excitations  will  have  to  he  derived. 
Suppose  that  a  spherical  wave  is  incident  from  infinity  on  the  aperture 
in  the  infinite  plane.  This  wave  will  induce  a  field  in  the  aperture  and 
electric  currents  in  the  metal  plane.  The  total  field  in  the  half -space  is 
uniquely  given  hy  the  specification  of  either  electric  or  magnetic  tmgen- 
tial  field  components  along  the  hounding  surfaces.  Thus,  the  problem  can 
he  solved  uniquely  with  the  following  boundary  conditions: 

1)  H.  =  H  along  a  hemispheric  shell  far  from  the  origin 

— t  AA 

2)  Em  »  M  in  the  aperture 

3)  Jhqj  *  0  along  the  metal  plane. 

n  is  a  unit  vector  normal  to  the  plane  and  pointing  into  the  half-space. 
Since  the  spherical  waveguide  region  is  taken  as  one  whose  transverse 
cross-sections  are  hounded  by  a  metallic  surface,  and  since  the  mode  func¬ 
tions  are  so  defined  as  to  satisfy  boundary  conditions  on  a  metallic  bound¬ 
ary,  the  aperture  constitutes  a  (longitudinal)  discontinuity  on  the  boundary 
which  can  be  taken  into  account  by  replacing  the  slot  by  an  equivalent 
magnetic  current  excitation  of  magnitude  M.  Thus,  the  field  in  the  half¬ 
space  is  formed  by  superposing  the  responses  due  to  excitations  1)  and  2 ) 
above. 


The  total  magnetic  field  in  the  half-space  can  be  represented  as. 


S  (r>  -  £  |~B^  (r>  ♦  hJ  (r)  J 


(5.13) 


where 


rHA  (r)  =  IA  (r)  ^  (9,  4»  +  Y8l  \  (r)  hri  (9,  $) 


for  E  and  H  modes,  and 


-J  k„ 


'.i-U 


f 
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It  was  shown  in  Sec.  B  that  for  the  slot  field  of  Equation  (5.3) » 
only  H  modes  are  excited.  Thus,  an  H  node  incident  from  infinity  may  he 
taken  to  excite  a  slot  field  which,  in  turn,  radiates  only  H  modes  so  that 
tho  entire  problem  is  analyzed  in  terms  0^  H  modes  alone.  All  transmission 
line  quantities  from  now  on  will  he  understood  to  refer  to  H  modes.  The  . 
node  voltages  and  currents  satisfy  inhomogeneous  transmission  line  equations1' 


d  V  (r) 

— (r)  ZA  (r)  (r)  +  (r) 

(5.14) 

d  I.  (r) 

— -  =  -  .j  (r)  Ya  (r)  (r)  +  (r) 

where  "YC.  t  Y^,  Z  are  as  defined  in  Equation  (l)  of  the  Appendix,  and 
and  i.  are  "source  terns"  arising  from  the  presence  of  apertures  in  the1 
hounding  plane  and  are  given  by* 


(5.15) 


where  the  magnetic  source  current  M  is  squal  to  E  in. 

To  find  the  unperturbed  field,  i.e.  the  field  due  to  an  incoming 
spherical  H  mode  wave  with  no  aperture  present,  we  can  use  the  solutions 
for  V  and  I  from  Equation  (3)  of  the  Appendix,  because  v^  =  i.  =  0  for  this 
case.  Since  then  the  line  is  terminated  by  a  short-circuit  at  the  origin, 
we  obtain 

Y  ,  (r)  =>  Y  ,  J  (kr)  ,  Y  .  =  2  0, 
ui  ui  n  ’  ui  i 

(5.16) 

rui  w  -  j  7  T«i  h 
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where  the  subscript  u  designates  unperturbed  quantities  (with  aperture 
absent).  The  scattered  mode  voltages.and  currents  (due  to  the  aperture 
raa^ietic  source  current  H  alone)  are!- 


r  2n 


\i  <r> 


-  3  Hn<2)(fcr)  f  fill  (r1).  d  S' 


0  0 


□  2rr 


-  J  (kr)  J"  ^  n  x  E  (r').  (r')  d  S' 


r  o 


r  2n 


Xsi  (r) 


=  7  \(2)  (kr)  J  JnrKr-).  (r*)  d  S' 


o  o 


O  2rr 


(5-17) 


7  (kr)  J  j  n  x  E  (r') .  h^  ^  (r' )  d  S' 

r  o 

where  I  1  denotes  the  aperture  boundary,  and 

r  h1(_)(r)  =  &^{2)(kr)  ^  (0,  <|»  -  j  $  Ygl  H^Or)  (0,  4>) 


r  ^^(r)  =  \  Oar)  ^  (0,  <J>)  -  j  5  *gl  Jn  (kr)  h^  (0,  <f>) 
d  S'  =  r'  dr'  d 


(5- is) 


By  supexposing  solutions  (5.16)  and  (5-17)  the  magnetic  field  per  mode  any¬ 
more  in  the  half-space  is  given  by  Equation  (5.13)  in  terms  of  the  inci¬ 
dent  and  aperture  fields  as: 


I 

i 


r^(i!  *  T«1  0  3  (te,)  Si  <•.  *  +  Tol  J  <kr)  ^  (s,  i)J 

S'  2tt 

*  //  S  * s  (!•)•[?  it  <•.  4) 


*  •  ‘.i  Hn(^<kr)  ipt  «.  ♦)!  4  s' 

O  2TT 

I/!1!  (s’>-f ?  £  <*>  it'^fr')  hj  (e.  « 


O  2TT 


-  J  r.t  \  "*>  fe(_)  <I'>  k,  0.  ♦) 


Or,  for  the  total  field. 


J  d  S' 


H  (r)  «  jy  Vah(l)(r)  +  Jf  nxlir')  .  (£,  £»)  d  S' 


nhere  ^(r,  r») 


Z!  1  St(1)(j')  ,  r  >  r' 

1 

Z  St(l,(r)  it'-’tr')  ,  r  <r. 


(5.19) 


(5.20) 


mod.  ®w  'S*-***1-*  J"  '5'19)  11  *•*»  “>  con.  l»t  of  in! 

(.«  i‘  S^T  *2  *h' «■»«•  »4.r  con.ld.rHi0n 

with  respect  tTtM.  Li.  ^/^r^I  !  olro';lt  U  *?  *  ««lnate4 

nr.  emitted.  However  the  scatter®!  *ei*idD?er8t?niillfi'  nodal  auhecrlpts 
ho  repre.entod  In  cloiod  form  by  (ef.  4v»tlon'(5a)f*1  to  1130 
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(r)  ■  jj  nil  (r1 )  .  (r,  r')  d  S1 


*P 


vhere  (r,  r')  - 


(  «  +  ^->  *■ 


-jk  |r  -  r'  | 


r  -  r'  | 


(5.21) 


Thus,  the  expressions  for  the  half-space  dyadic  spatial  admittance  in  (3*20) 
and  (5.ZL)  are  Identical,  representing,  respectively,  its  modal  expansion  in 
spherical  vector  modes  and  its  closed  form.  The  dyadic  kernel  contains 
conductive  and  reactive  parts  for  all  scattered  modes .  Since  we  consider 
only  one  node  to  propagate  in  the  half-space  ve  would  like  to  determine  the 
equivalent  circuit  to  that  mode.  For  this  purpose  ve  separate  out  the  con¬ 
ductive  part  of  the  dominant  mode  term  in  the  kernel  since  no  real  dominant 
raodo  power  is  then  dissipated  in  the  discontinuity.  This  real  part  of  the 
dominant  mode  field  (capable  of  carrying  real  power)  can  then  he  combined 
fith  the  unperturbed  mapietic  field. 


The  dominant  mode  part  of  the  kernel  is  given  by  »  h  (r)h  (r1) 
for  r  >r't  and  by  h'*'  (r)h'"'  (r' )  for  r  <r'.  From  Equations  (5*18)  it 
is  seen  that  h'l)  is  real  and  h(-7  is  complex.  In  fact 


(5.22) 


where  rh^tr)  -  (kr)  ^  (0,  <j>)  -  j  5  T#1  Nn(2)  (kx)  h^  (0,  ft 


( 2) 

so  that  h  (r)  is  also  real.  Therefore, 
mode  in  the  kernel  is  ^  h(l)(r)  hd'(r') 
written  as! 


the  real  part  of  the  dominant 
so  that  Equation  ( 5 • 19 )  can  he 


H(r)  =  i  *1  ^  hU)(r)  +  |Jn  xE  (r«)  .  |  ^  h(1)(r»)  h(l)(r)  J  d  S' 

ap 

(5.23) 

+  ffn  x  E  (r«)  .  j~Yh(r,  r')  -  y  h(1*(r)  h(l) 
ap  L~ 


» 


The  unperturbed  voltage  amplitude  VQ  can  be  broken  down  as  follow. 
The  total  dominant  mode  voltage  and  current  are  expressible  as  (see  Appendix): 

Y(r)  -  A 3  (kr)  ♦  B  £  (kr)  »  V  3  (kr)  ♦  A  B  fc(2*(kr)  ;  Y  a  A  -  j  B 
n  n  u  n  °  n  u 

(5.2s*) 

-  J  5  Kr)  -  A  J'(kr)  ♦  B  $«(kr)  =  Y  j'(kr)  +  j  B  H'(2)(kr) 
n  nun  n 

Equation  ([>.24)  represent  correctly  the  voltage  and  current  behavior  off  the 
source  region,  l.e.  for  points  for  which  r  is  greater  than  the  distance  from 
the  origin  to  the  furthest  point  on  the  aperture  boundary.  This  can  also  be 
seen  by  comparing  with  the  total  voltage  and  current  obtained  from  super* 
position  of  the  results  in  (5.1bl  and  (5*17l»  since  for  such  points  the  in¬ 
tegrals  in  (5*2-7)  multiplied  by  J  (kr)  and  w'(kr)  vanish.  Equating  identi¬ 
cal  coefficients  in  Equations  (5*lb),  (5*-7)?  and  in  Equations  (5*24)  vs 
obtain 

Yu»A.JB;  B  ,  -  fj  2*1  (r')  .  h(1)(r')  d  S»  (5.25) 

ap 

so  that  (5*23)  becomes,  finally: 


H(r)  =  J  ^  A  h(l)(r) 


fj  B3®  (r'l 

ap 


(5.26) 


In  order  to  formulate  an  equivalent  circuit  for  the  slot  we  must 
relate  the  fields  on  both  sides  of  the  discontinuity.  The  transverse 
magnetic  field  in  the  rectangular  guide  (s<0)  propagating  the  dominant 
mode  is  given  by  (cf.  Final  Beport,  Ch.  I,  Secs.  2a  and  b) 

(rg)  »  *g  (2)  hg(£)  ~  jj  2  •  <3g  (r,  r')  d  S'  (5*27) 

ap 


where  the  subscript  g  refers  to  rectangular  guide,  end  f>  =  (x,y).  Since  the 
transverse  rngnetic  field  must  be  continuous  in  the  aperture  we  cun  equate, 
from  (5*26)  and 
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(0)  hg  <£>  -  J  i*  hU)(r)  J  x  a  - 

■  J^.(r,r')  -  ^  (r)v  ^(r.r*)^!  n  4  S*  (5.28) 

«P 

Equation  (5.28)  It  the  integral  equation  for  the  slot  electric  field.  If 
Xquatioc  (5. 28)  it  now  multiplied  in  dot  product  f&thlon  hy  2  (r)  and  the 
result  it  integrated  over  the  aperture,  one  obtains 

y°)  Tg(0)  +  JijiBs  |JdS  j7< dS'  nx*  (r‘)  .  Mr,  r')  .  nx*  (j)  (5.29) 

ap  ap 

idiere  Mr,  r*)  ■  T$  (r,  r*)  -  ^  h^(r»)  (r,  r*) 

V0)  "  ff  (-J  •  ^5  (f)  4  S 

ap 

and  Equation  (5*25)  bat  been  employed.  Upon  dividing  both  sides  of  2q.  (l4j 

*  O? 


ve  finally  obtain  a  relationship  that  expresses  the  equivalent  circuit  for 
the  slot: 


The  two  quantities  cn  the  left-hand  side  of  (5«30)  hare  the  dimen¬ 
sions  of  admittance.  The  first  tent  represents  the  input  admittance  to  the 
structure  as  seen  from  the  rectangular  guide.  The  second  term  is  readily 
interpreted  if  the  output  terminal  plane  is  chosen  not  at  r  «  0  but  rather 
at  r  a  (2q  +  I)  A/4,  q  =  large  integer.  Tor  large  values  of  r  th*  asympto¬ 
tic  representations  for  the  spherical  functions  apply  (see  Appendix),  and 
Equation  (5*24)  can  be  written  as  (for  n  *  1): 
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▼  (r) 

-  3  5  I  (r) 


-  A  co«  kr  -  B  sin  kr 
A  sin  kr  -  B  cos  kr 


(5.31) 


If  r  is  now  chosen  as  r  *  (24  +  1) X/4.  and  the  ratio  of  I  to  7  Is  formed, 
one  obtains  for  the  output  admittance  at  r  : 


Equation 


1 

T(ro) 


(5*30)  becomes, 
yo)  -  T  (r0) 


in  terms  of 


I T  <*«>  |  ■ 

admittances, 

“  h 


(5.32) 


(5.33) 


where  Tj  stands  for  the  rigit-hand  side  of  (5-30)  •  I*  the  equivalent  cir¬ 
cuit  is  now  assumed  to  be  shunt  (rigorously  this  implies  that  the  fields 
excited  in  the  slot  by  an  incoming  dominant  mode  wave  from  the  rectangular 
or  the  spherical  guide  are  identical  to  within  a  constant  factor)  then 
Equation  ( 5-33)  allows  the  simple  physical  interpretation  illustrated  in 
Figure  5.4,  and  the  network 


Yo(o) 


Figure  5*^ 
Equivalent  Circuit 

parameters  can  be  determined  as  follow: 


vo> 

ff  n  x  E  (r)  h  (d)  dS 
ap  ”  _  *"  ~ 

T(r0) 

8 

[[S.  *£  (r).  b(l)(r)  dS 

ap 


n 


(5.3*0 


L54 


I/4  5  //  d  S'  n  x  I  (r1) .  I  (r,  r1) .  e  x  E  ( r) 


ap  ap 


J/nxI  ( r) .  hg  (P 
_ftP 


(P)  d  S 


(5.35) 


''•V 


where  Y^  =  ^  -  —  fj. 


dS  JfiS'  pcE(r' ) .  Q^r.r1)  +  Bg(r,r')  1.  ird!  (r) 


Jfn  x  E  ( r) .  hg  ( P>  d 
LftP 


Y.  is  given  in  a  variational  fore.  The  tern  Y.  represents  exactly  the  tvo- 
teminal  input  admittance  to  a  thin  slot  radiating  into  a  half  space  from 
the  end  of  a  rectangular  guide.  Results  for  this  have  been  worked  out  and 
measured  elsewhere  (Part  III,  Sec.  D.,  also  Final  Report,  Ch.  V,  Table  VI). 
Therefore,  the  only  parameter  that  needs  to  be  evaluated  is  the  transformer 
turns  ratio  n  as  given  in  (>3*0 


p 

The  tern  (l/n  ) 7  in  (5*35)  is  the  conductance  as  seen  from  the 
rectangular  guide  due  to  the  matched,  dominant-mode  spherical  line,  and  is 
therefore  subtracted  from  the  tvo-tenninal  admittance  so  that  a  four-teroinal 
equivalent  circuit  is  obtained.  If  the  half  space  cculd  be  represented 
rigorously  by  a  single  transmission  line  propagating  only  the  dominant  mode 
then  Y.  would  be  purely  reactive.  However,  the  half-space  is  capable  of 
propagating  an  infinity  of  spherical  modes  each  of  which  can  carry  real 
power.  Thus,  the  subtraction  of  only  the  dominant  mode  conductance  will 
leave  a  conductive  part  in  Y.  which  represents  the  power  radiated  by  the 
higher  modes.  But  it  wes  pointed  out  in  Sec.  B  tliat  the  portion  of  power 
carried  by  the  higher  nodes  is  very  small  in  comparison  with  that  of  the 
dominant  mode  so  that  the  real  part  of  Y^  should  be  very  small.  This  is 
confirmed  by  the  calculations. 


Since  the  slot  is  rectangular  it  is  best  to  express  all  variables 
in  Cartesian  coordinates.  The  functions  involved  are  the  following  (evalu¬ 
ated  in  the  aperture) i 


J  The  results  in  (>35)  valid  also  for  wider  slots  scattering  E  nodes 
as  well  since  Y.  in  its  closed  foro  (>2l)  contains  all  scattered  nodes. 
For  E  node  scattering  the  spherical  node  representation  (3.20)  of  Y^ 
includes  additional  terns. 


?S5 


a  ^6 


Vx* y) = M  cos  v 

h(l)(r,  4>)  =  i  p»  Ocr)  h(|,  <*)  -  J  5  Tg  ^  (kr)  h.  (|  ,  $)  J 

h(|,$)  a  "2^  8in^io 


T  =  - k 

a  roi|i  c 


Vt*  ^ 


'e  =  tt/2 


;  (  f  .  <» 


-  ”  A  cos  4 

rvir  T 


£  —  V  t  •£ 
c 


I  2  2 

r  =  \/x  +  - 


y~  1  cos  <}  =  x/r  ;  sin  $  »  y/r 

.  x  =  -  sin  ;  r  .  x  =  x/r 


(5-30 


J  (In-)  =-•  ~l^F  -  cos  kr  *  .333  (kr)2  -  -C333(fcr)4  +  .0O119(kr)6-  +. 


and  a  and  h  are  the  rectangular  guide  dimensions.  The  integration  over  the 
aperture  extends  from  -  a*/ 2  to  a'/2  in  x  and  from  -  h,/2  to  h'/2  in  y. 
Since  the  integral  equation  (5*?S)  for  the  aperture  field  cannot  he  solved, 
a  guess  value  for  the  field  will  he  employed.  A  single  guess  value  is 


E  (r)  =  Zq  c°b  ~r 


(5.37) 


The  evaluation  of  the  numerator  integral  in  the  expression  of  n 
is  straight-forward.  The  denominator  integral,  on  the  other  hand,  involves 
trigonometric  fur  :tions  whose  arguments  are  square  roots  and,  thus,  is  not 
easily  evaluated.  However.  this  difficulty  can  he  avoided  hy  employing  the 
series  err'-nsion  for  J.(kr)  and  its  derivative.  It  is  found  that  the 
resulting  series  of  terms  converges  very  rapidly  over  the  range  of  apertures 
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considered  (  for  X  =  1.26")  bo  that  only  two  or  three  terms  need  he  taken. 
The  Integrals  now  reduce  to  those  where  the  integrands  are  trigonometric 
functions  multiplied  by  powers  of  the  variable  and  are  easily  found.  Thus, 
the  result  for  n  is  calculated  to  he: 


I  n 


i.3  (~)h*  Q  -.lgg(|42- 


(5*38) 


The  numerator  and  denominator  of  (5*3®)  represent  directlv  the  results  of 
the  numerator  and  denominator  integrals  in  Equation  (5*3*0* 


The  parameters  n  and  T.  have  been  computed  from  Equation  (5*38) 
and  (5*35).  and  *re  given  in  Table  I.  The  terminal  admittances  T  were 
taken  from  the  experimental  results  on  .005"  thick  slots  as  the  most  reli¬ 
able  available  values  (see  Final  Report,  Chap.  V,  Table  VI).  The  resulto 
of  the  calculation  are  listed  in  Table  II  in  Sec.  D,  where  they  can  be 
compared  directly  with  measured  values. 


D.  Experimental  Determination  of  the  Slot  Equivalent  Circuit 
Parameters 


1.  The  Scattering  Matrix  for  the  Slot 

Since  the  spherical  mode  almost  completely  characterizes  pro¬ 
pagation  in  the  half-space,  the  equivalent  circuit  defining  the  effect  of 
the  presence  of  the  slot  on  the  dominant  modes  in  both  the  rectangular  and 
spherical  guides  will  be  practically  lossless.  Tb.6  circuit  parameters  of 
the  general  lossless  four-pole  can  be  determined  most  precisely  from  a 
eeriee  of  D  vs.  S  measurements  (see  Final  Report,  Chap.  II).  Such  measure¬ 
ments,  however,  require  a  movable  short  which  is  not  readily  constructabl© 
for  a  spherical  line.  (In  the  spherical  waveguide  the  transverse  cross- 
sect  ions  over  which  the  voltage  and  current  are  constant  are  hemispheres 
centered  about  the  origin  and  bounded  by  the  infinite  baffle.)  Therefore, 
three  fixed  metal  hemispheres  with  different  radii  were  constructed  to 
serve  as  individual  terminations  of  the  spherical  line.  From  the  three 
corresponding  input  measurements  in  rectangular  guide,  the  equivalent 
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circuit  for  the  elot  can  he  detoruinnd.  The  circuit  parameters  so  obtained 
can  then  he  checked  against  a  fourth  measurement  with  the  slot  radiating 
into  the  untenninated  half-space,  i.e.,  a  matched  spherical  line. 

The  representation  of  the  slot  parameters  was  first  attempted  on 
a  scattering  basis  since  the  reflection  coefficient  (unlike  the  input  impe¬ 
dance)  in  a  spherical  guide  is  veil  behaved  at  the  origin.  The  virtue  of 
such  a  representation  is  that  it  makes  the  origin  the  input  terminal  to  the 
spherical  line.  Vith  the  directions  of  incident  and  reflected  eaves  in  both 
guides  chosen  as  in  Figure  5*5.  the  relationship  betv.'een  the  (voltage) 
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Representation  of  the  Configuration 
Figure  5*5 

reflection  coefficients  looking  to  the  right  on  both  sides  of  the  network 
is  given  byl 


rg(l) 


S 


=  s 


11 


(5-39) 


z=o 


r.(p> 


r=o 


where  S._,  S  ,  S  a re  the  scattering  coefficients  for  the  iris,  and  the 
subscripts  g  and  S2refer  to  the  rectangular  and  spherical  guides,  respec¬ 
tively  Icf.  Final  Report,  Chap.  II,  Eq.  (12)). 

If  r  is  taken  as  the  radius  of  the  metallic  hemispheric  termi¬ 
nations,  then  °r  (r  )  in  Equation  (7)  of  the  Appendix  is  equal  to  -  1. 
r  can  now  he  cholSn  %o  make  j  (0)  particularly  simple.  We  are  concerned 
here  with  only  the  node,  i.8?,  n  =  a  ■  1.  Thus,  Equation  (7)  of  the 
Appendix  becomes: 


!~g  (0) 


-  J  2 
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7 


1 


(kr  ) 
0 


(5^) 


If  f  (kr  )  is  now  chosen  as  -  tt/4,  0  ,  tt/4,  the  corresponding  values  for 
the  r  eflec?i  on  coefficient  at  the  origin  are: 


a)  r  (0)  =  ♦  j  ,*  b)  r,(<j)  =  + 1  .*  c)  r(o)  =  -  j  (5.U1) 

For  the  given  wavelength  X  a  2rr/k  =  1.2o0",  the  radii  are  found  to  bet 

a)  r  »  1.067"  ;  b)  r  »  1.22S"  ;  c)  r  =  1.390"  (5.1*2) 

000 


The  values  in  (5.1*2)  are,  of  course,  not  unique.  However,  they  were  chosen 
because  this  range  fitted  the  physical  outlay  of  the  measuring  equipment. 

In  the  rectangular  viaveguide,  the  reflection  coefficient  corresponding  to 
each  of  the  terminations  a) ,  b) ,  c)  1b  given  in  terms  of  the  distance  i  of 
the  voltage  minimum  from  plane  T^  as 


a,b,c 


(5^3) 


The  scattering  coefficients  can  now  be  determined  from  ( 5*39) •  (^or  expli¬ 
cit  formulae  for  S., ,  S.  ,  S  in  terms  of  [”  and  ]  see  the  FinalRenort, 
Chip.  II,  Eqs.  (36*./  For  thJTcase  of  the  untfrminateS  half-space,  |  (r)=0, 
so  that  the  corresponding  f*  yields  S..  directly  as  an  independent  8heck. 
The  results  of  measurements  §n  five  slots  are  given  in  Table  I. 
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TA.HLI  I 


Slot 

Size 

3  -  cup  measurements 

Ho 

Termination 

S11 

S22 

S12 

su 

a'  =<  .354" 
b‘  =  .15s* 

.960  !i62.6° 

.960  Il64.7° 

.078  !l47 .5° 

il  162.7° 

a*  «  .448" 
b«  =  .159" 

.909  !i4i.o° 

.909  Il4l.l° 

.174  jiog.o0 

,  , 

1  |l40.7° 

a'  =  .54« 
b'  =  .16" 

.407  194.1° 

.406!l23»?3 

-S35 137-5° 

.373192.1° 

a‘  =  .6o» 

b'  =  .09" 

.146 12I.O0 

.146  (iSi.6° 

•979  IgjL 

.131  ll8 .4° 

a1  =  .63O” 
b«  =  .160" 

.158! -34 .8° 

,158 !-1o3.2° 

.975 1-17 .1° 

.149  1-46.1° 

L_ _ 

_ 

For  small  slot  sizes  {  j*S_  I  small)  the  value  of  S_.  obtained  from 
measurements  with  the  hemispheric  terminations  checks  well  with  the  indepen¬ 
dently  determined  one  (first  two  apertures  listed  in  Table  I).  Actually, 
only  the  phase  of  S. .  can  he  compared  since  the  V.S.W.B.  for  the  latter 
measurements  was  tooni^.  to  he  determined  accurately,  and  was  thus  arbi¬ 
trarily  taken  as  infinite.  For  larger  slot  widths  the  agreement,  thou^i 
reasonable,  is  not  as  good.  This  is  to  be  expected  since  the  single  mode 
representation  of  the  half-space,  on  the  basis  of  which  the  measurements  and 
analysis  are  undertaken,  holds  best  for  small  apertures,  and  cannot  be  expec¬ 
ted  to  yield  accurate  results  for  large  slots. 

The  internal  consistency  of  the  calculations  of  the  scattering 
coefficients  was  checked  by  making  use  of  the  following  reiati-onship  which 
the  scattering  matrix  for  a  lossless  four-pole  coupling  two  uniform  trans- 
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,aliiion  linui  ii  know  to  satisfy 


Sl* 

S22* 


'11 


12 


•o  that 


S 


I 

11' 


1 


Y«|  p0  +  $  +  tt^ 


where 

■u-  |sn!^- 


s22  3  ls22*  LL 


(5.44) 


Inspection  of  Table  I  shows  that  the  values  listed  there  meet  the  conditions 
(5.44).  A  point  of  interest  in  connection  with  liquation  (5.44)  is  that  the 
derivation  of  the  unitary  character  of  the  scattering  matrix  for  a  lossless 
structure  is  based  on  the  ability  to  write  the  total  incident  power  in  terrar. 
of  the  incident  and  reflected  waves  as  follows: 


P  »  He 

f  T  I* 

ZL.  n  n 

•t 

|v  I2  -  |y  I2 

1  inc  n1  1  rofl  n* 

Zksl 

n=l 

(5.45) 


where  Vq  and  I  are  KiS  values  -  This  can  always  be  done  for  a  uniform  wave¬ 
guide  but  not,  in  general,  for  the  spherical  guide.  That  isf  for  the  spheri¬ 
cal  guide  (from  Equation*  (3b)  and  (5)  of  the  Appwdix,  after  normalizing  to 
unit  characteristic  inqped&nce) 

**  |Vn  Xn*l  *  “  ( l°l2  “  *  “  ( l*iuc  *2  -  !Vrefl  ^  (5*46> 

8  S 


The  minus  sign  in  front  of  the  brackets  arises  frcn  the  choice  of  direction 
of  incident  wave  in  the  spherical  line  in  the  direction  of  decreasing  r» 
Equation  (5*46)  states  that  the  power  flow  across  any  hwaispherie  cross- 
section  is  constant,  which  it  should  be  since  no  power  is  dissipated  in  any 
finite  region.  On  the  other  hand,  the  aiplitudes  0?  incident  and  reflected 
waves  depend  on  r.  However,  far  free  the  origin  the  Hankel  functions  vary 


^  C.G.  Montgomery,  "Principles  of  Microwave  Circuits",  MIT  Had.  Lab.  Series, 
Vol.  8.  McGraw-Hill  Co.,  New  York,  I9US.  Sec.  5.I6. 
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as  expj£  J  (kr  -  n/2 (cf.  Eq.  (9)  of  the  Appendix),  so  that  the  inequali¬ 
ty  in  (9»1-6)  can  he  recoded  for  kr>^l.  Therefore,  the  scattering  matrix 
for  a  network  between  terminal  planes  z  =  0  and  r  a  (2q  +  l)x/4,  where  q  is 
a  large  integer,  is  unitary.  But  it  was  snown  in  Eq.  (13b)  of  the  Appendix 
that,  for  a  mode  with  n  odd,  such  as  the  H..  mode,  the  reflection  coeffi¬ 
cients  (from  which  the  £  matrix  is  computed;  at  r  a  0  and  r  »  (2q  +  l)X/U 
are  identical.  Thus,  the  scattering  matrices  are  identical  and  unitary 
between  both  reference  planes. 


The  three  hemispheric  terminations,  shown  in  gure  5*6(a),  were 
made  by  boring  a  hemispheric  cavity  into  solid  brass  stock  on  a  lathe.  The 
rims  of  the  cups  were  insulated  with  thin  mica  in  order  to  eliminate  the 
possibility  of  non-uniform  contact  between  the  rim  and  the  aperture  plane. 


SIDE  VIEW  TOP  VIEW 


Figure  5*6  (a) 

Hemispheric  Terminations 

The  aperture  structure  iself  *as  made  especially  rigid  by  first  milling  the 
slot  into  a  thick  brass  plate,  soldering  the  waveguide  to  it,  and  then  turn¬ 
ing  the  face  of  the  plate  down  on  the  lathe  until  the  aperture  thickness 
was  about  10  mils.  A  diagram  of  the  slot  structure  is  given  in  Figure  5 .6(b), 
and  a  photograph  of  the  hemispheric  terminations  and  the  slot  appears  in 
Figure  5*7*  la  this  manner,  possibility  for  uneven  contact  between  the  in¬ 
sulated  cun  rims  and  the  slot  plane  was  minimised.  The  ctps  were  centered 
with  respect  to  the  slot  by  the  use  of  guide  pins  and  were  held  to  the 
plane  with  C  -  clamps. 


.  .hi#*,*,  * 


SIDE  VIEW 


FRONT  VIEW 


Picture  of  the  Slot  Structure 


Figure  5.6  (h) 
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2.  The  Equivalent  Circuit  for  the  Slot 

In  view  of  the  fact  that  the  relationship  of  input  (rectangular 
guide)  to  output  (spherical  guide)  quantities  by  means  of  Equation  (5*39)  1b 
rather  cumbersome,  it  was  attempted  to  find  a  representation  which  offers  a 
simpler  method  of  transforming  input  quantities  into  output  quantities,  and 
▼ice  versa.  Such  a  representation  was  obtained  by  foimu!?,t*  .a*'  an  equivalent 
admittance  network  for  the  slot  between  terminal  planes  z  a  o  on  the  left 
and  r  =  (2q  +  l)k/4  on  the  ri^it  (see  figure  5*8),  where  q  is  a  large  inte¬ 
ger.  If  the  H.-  mode  only  is  ‘bcsu  propagate  in  the  half -space  then  the 
equivalent  circuit  is  lossless.  iurtherflOiJ,  unc*.«,r  »ss«c;v l 1? :v? 
to  the  interpretation  of  Equation  (5*33).  the  admittance  T*  in  figure  $.8 
is  infinite.  2 


'I 

SCHEMATIC  NETWORK 

Admittance  Representation  for  the  Slot 
Figure  5.S 

The  lossless  equivalent  circuit  of  Figure  5.8  can  now  be  computed 
from  three  output  -  input  measurements.  Using  relation  (13b)  of  the  Appen¬ 
dix,  the  terminal  impedance  in  the  direction  of  increasing  r  relative  to  the 
characteristic  impedance  ,£  of  the  half-space  far  away  can  be  expressel  in 
terms  of  the  reflection  coefficient  at  r  =  0  as: 

,  uJLM 

1  -  r  (0) 


Li*l 

J 


(5.47) 
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fcploying  the  ease  sequence  &■  that  in  Xquation  (5*^l)  thee*  impedances 
become : 


(5.*«) 


In  tenai  of  the  input  reflection  coefficient,  from  (5*^3) »  the  corresponding 


(5.^) 


where  the  prime  denotes  normalization  with  respect  to  Z  in  rectangular 
guide.  With  these  relationships  applied  to  Xqs.  (32),  Chap.  II,  of  the 
final  Report,  the  relative  equivalent  circuit  parameters  ZjL ,  Z'  ,  Z '  can 
he  found,  which,  in  turn,  determine  the  equivalent  transformer  network  as: 


(5-50) 


The  network  so  obtained  is  checked  against  a  fourth  measurement  which  yields 
the  input  admittance  for  the  slot  radiating  into  the  unterminated  half¬ 
space.  These  results,  together  with  theoretical  results  obtained  as  dis¬ 
cussed  in  Sec.  C,  are  listed  in  Table  II. 

The  theoretical  value  of  7*  in  Table  II  is  infinite  under  the 
assumptions  in  Sec.  C  for  a  zero  thickness  slot.  The  theoretical  value  of 
7'  is  listed  as  purely  reactive.  Actually  sli^it  real  parts  of  the  order 
of  .02  were  obtained  but  discarded,  since  that  order  of  magnitude  corres¬ 
ponds  to  the  tolerances  put  on  the  measured  values  of  7.  as  taken  from 
Final  Report,  Chap.  T,  Table  71.  The  finite  measured  value  for  7'  as  well 
as  the  discrepancy  between  theoretical  and  experimental  TJ  it.  at  least 
partly  due  to  the  physical  thickness  of  the  slot  (see  Sec.  X).  There  also 
exist  differences  between  the  directly  measured  input  admittances  for  the 
unterminated  half-space  and  those  obtained  by  terminating  the  equivalent 
circuit  in  a  spherical  line  match.  (Where  the  directly  measured  irgmt  admit¬ 
tances  in  Table  II  do  not  have  real  parts,  the  7.S.V.R.  was  too  higji  to  be 
measured  accurately  and  was  arbitrarily  taken  to  be  infinite.)  The  differ¬ 
ences  between  the  two  results  can  be  attributed  to  a  great  extent  to  the 
tolerances  on  the  equivalent  circuit  parameters*  The  tolerances  due  to 
error  in  the  input  data  alone  were  obtained  by  computing  the  sensitivity  of 
each  parameter  to  email  deviations  in  location  of  the  voltage  minimum  in 
the  rectangular  guide,  end  multiplying  by  the  expected  possible  error. 


Ixperlmen tally  Obtained  Network  Pammetera  Tor  Radiating  Slots 
parameters  are  those  for  the  circuit  in  Figure  5»S* 
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These  tolerances  were  found  to  he  of  the  order  of  +  .01  on  YJ ,  of  the  order 
of  +  .02  on  n,  and  of  the  order  of  +  (.25  Y')  on  The  high  sensitivity 
of  T’  to  experimental  errors  is  aot"”too  critical  since  Y*  is  a  series  admit¬ 
tance  of  large  magnitude  so  that  its  reciprocal  is  the  pertinent  quantity 
in  a  network  calculation.  In  addition  to  errors  in  the  input  data  there  is 
the  possibility  of  error  in  the  output  quantities  such  as  to  make  the  out¬ 
put  impedances  diffsrent  from  those  listed  in  Equation  (5*^8).  Such  de¬ 
viations  can  be  brougit  about  by  a  slightly  different  radios  or  non- spheri¬ 
cal  shape  for  the  spherical  cups,  or  by  noting  the  effect  of  the  thin 
insulating  mica  strip  on  ihe  cup  rims.  Computations  to  take  into  account 
the  former  sources  of  output  error  could  be  made,  but  it  was  felt  that  the 
non-precision  nature  ( three-'rtoint  method)  of  the  measurements  did  not 
warrant  It.  At  any  rate,  the  agreement  between  the  quantities  compared 
in  Table  II  is  considered  reasonable. 


Z.  Effect  of  Slot  Thickness  On  the  Equivalent  Circuit  Parameters 

The  schematic  and  equivalent  circuit  representations  for  the  thick 
rectangular  slot  radiating  from  the  end  of  rectangular  waveguide  are  given 
in  Pigure  5*9  •  The  thick  slot  is  taken  to  be  a  transmission  line  of  length  t 
and  constants  ■>€'  and  Y  1  coupling  the  rectangular  guide  with  constants  T& 
and  Yq  to  the  spherical  §uide  with  constants  k  and  ^  .  The  network  between 
terminals  T.  in  Figure  (5'9-h)  represents  the  effect  of  change  in  cross- 
section  of  the  rectangular  guide,  while  the  network  between  terminals  T  and 
T0  in  the  same  figure  takes  into  account  the  coupling  between  the  slot  and 
tne  spherical  guide.  The  parameters  B.  ./Y  and  n1  have  been  encountared  on 
numerous  occasions  before  (See  Part  IIjJn,0is  equal  to  l/n  )  and  are  given 
by  t 

Btj 

■  •  51  x  (Admittance  of  thin  slot  of  same  dimensions  coupling  two 
o  identical  rectangular  guides) 

(5-51) 

'  i  -  <f>2] 

cos  ) 


where  a*  and  b1  are  the  dimensions  of  the  £lot  parallel  to  the  guide  dimen¬ 
sions  a,  b,  respectively.  The  parameters  s  and  B’/Y  are  obtained  from 

o 


REDUCED  FORM  OF  CIRCUIT  (b) 
(C) 


SCHEMATIC 


TRANSMISSION 
,LINE  OF  LENGTH  t 


EQUIVALENT  CIRCUIT  IN  COMPONENT  FORM 

(b) 


Representation  for  the  Thick  Slot 
Figure  5.9 
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8sc.  C,  Equations  (5.3*0  «od  (5*35)  •  respectively,  fro*  the  theoretical 
circuit  for  the  junction  effect  for  a  thick  elot  radiating  into  a  half- 
•pace.  In  this  cam  I.  correspond*  to  B*,  T.  represents  the  terminal 
admittance  of  a  thick  slot  radiating  into  a  match  (see  Fart  IV),  and 

*  fiH  °°*  *° that  ! » i  *  JWi D  ’ 


•here  D  is  the  same  dsnoninator  as  in  Squat  ion  (5.28).  Since  the  trans¬ 
former  with  turns  ratio  n1  has  Been  retained  in  the  equivalent  circuit 
formulation  for  the  change  in  cross-section  in  rectangular  guide,  the 
characteristic  admittance  Y  *  is  defined  in  the  usual  manner  as 


so  that 


CD  t* 


(5.52a) 


(5.52b) 


In  order  to  determine  horn  the  theoretically  derided  circuit  in 
Figure  5*^  is  affected  by  physical  thickness  of  the  slot  it  is  desirable  to 
transform  the  equivalent  circuit  of  Figure  5*9~(b)  into  the  form  given  in 
Figure  5 *9“(c)  so  that  direct  comparison  with  the  theoretical  (and  measured) 
networks  is  easily  achieved.  The  conversion  to  the  simple  form  of  Figure 
5»9“(c)  is  brought  about  by  first  changing  circuit  5»9p)  into  the  standard 
tr  form  of  Figure  5*10. 


it  -  Bepresentation  for  Thick  Slot 
Figure  5.10 
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The  parameter#  T./l  ,  T  /Y  .  and  n  have  been  computed  for  thick¬ 
nesses  up  to  »5”  for  four  different  slot  dimensions  and  are  plotted  in 
Figure  5*H  •  Since  the  thick  slot  circuit  parameters  depend  on  the  values 
of  B.  ./Y  and  B*/Y  ,  the  accuracy  of  the  former  can  be  no  better  than  that 
of  tnb  latter.  In  addition,  the  replacement  of  the  thick  slot  by  a  length  t 
of  single-mode  transmission  line  can  no  longer  be  Justified  for  small  thick¬ 
nesses  because  of  higher  mode  interaction  effects.  In  spite  of  these  in¬ 
accuracies  in  the  small-thickness  range  the  curves  in  Figure  5. 11  indicate 
the  trend  of  change  in  the  parameters  with  thickness.  Thus,  the  element 
Y  IT,  is  always  large  and  negative;  this  is  borne  out  by  the  measurements 
(cf.°Table  II).  Also,  the  absolute  value  of  Y^/Y  should  increase  with  slot 
thickness;  this  trend  is  also  confirmed  by  the  experimental  values  if  one 
compares  the  Y  /Y  parameter  from  the  3”CUP  measurements  on  "thick"  (about 
10  or  15  mil  )1sl8t8  vith  the  value  of  B  / Y  found  previously  for  5  mil  slots, 
in  the  Final  Report,  Chap.  V,  Table  VI.  rQn0the  other  hand,  there  exist  no 
experimental  values  for  n  for  the  5  mil  slots  so  that  no  thickness  comparison 
can  be  made  here.  It  is  apparent,  however,  that  for  small  slots  the  theore¬ 
tical  values  for  n  are  higher  than  the  experimental  ones,  thus  opposing  the 
trend  predicted  for  n  by  Equations  (5.55a).  But  for  small  slots,  the  cosine 
field  assumption  is  not  too  accurate  and  may  cause  deviations  since  the 
expression  for  n  is  not  variational.  The  different  curve  shapes  of  Figure 
5.11  obtained  for  different  slots  are  due  primarily  to  different  guide  wave¬ 
lengths  for  the  slot  guides  of  thickness  t. 
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fundamental  Balationahl'a  In  Spherical  Transmission  Lines 


The  homogeneous  transmission  line  equations  for  the  i-th  node  in 
a  spherical  line  are  the  following  :3 


where 


d  T  (r) 

— -  «  -  J  9C1  (r)  Z±  (r)  It  (r) 

d  I  (r) 

— 5* -  «  -  J3C1  (r)  T±  (r)  (r) 


(1) 


Z  a  -  a  J  for  H  modes 

x  *1 

$  *  ff  •  k  a  CD  «/»*  C  ® 

-ae.  ,  k  .  ,  Z  and  T.  are,  respectively,  the  propagation  constant,  "cutoff" 
wavenumber,  characteristic  impedance,  and  chaxacteristic  admittance,  for  the 
i-th  mode,  i  stands  for  the  double  index  (m,  n) .  Equation  (l)  can  he  ex¬ 
pressed  in  terms  of  alone  ae 


« 


d2  7. 


d  (kr)‘ 


1 


n  (n  +  1) 
(Icr)2 


0 


(2) 


which  ia  a  modified  form  of  Bessel’s  equation,  with  solution  either  as 


V.(r)  =.  A,  J,  (kr)  +  B.  H  (kr) 
1  in  in 


(3a) 


or 

^  N.  Marcuvitz,  "Waveguide  Handbook",  McGraw-Hill  Book  Co.,  Sew  York;  1951* 
Secs.  1.8  and  2.2. 
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1 


Tt(r) 

there 


°t  \(1>  <*>  *  Dt  fia(2>  <kr)  .  T 


+  T 


refl, 


(1) 

H  (2)  (kr)  -  J  (kr)  ±  J  4  (kr) 
n  n  —  n 


(3b) 


Equation  (3a)  It  the  standing,  wave  solution  tdille  Equation  (3b)  is  the  tra¬ 
veling  tare  solution,  with.  ft*  and  H^(2)  representing  tares  traveling 
toward,  and  away  f rom  the  origin,  respectively,  for  an  assented  tine  variation 
of  e+J®*.  The  J  ,  ft  ,  h  (1/  ,  ft  (2)  functions  ar«v  respectively,  the  spheri¬ 
cal  Bessel,  Herrmann,  and  z£nkml  functions  of  the  1st  and  2nd  kind.  The 
spherical  Bessel  and  Hermann  functions  are  related  to  the  ordinary  Bessel  and 
Hermann  functions  as  follows: 


1 


9 


Upon  using  the  first  of  Equations  (l)  and  (Jb)  we  find  the  corresponding 
current  solution: 


-  J  5  I.(r)  =  C>(l)(kr)  +  D.  3'(2)(kr)  =  kJ'  (kr)  +  B  ft «  (kr)  (5) 
x  in  x  n  in  in 


where  the  prime  denotes  the  derivative  with  respect  to  the  argument. 

From  (3b) ,  we  can  define  the  voltage  reflection  coefficient 
”  (r)  ,  looking  in  the  direction  of  increasing  r,  as  follows: 


r>> 


cA(1>(tr) 

BA<2>(kr) 


°i  j  M.(kr» 


rB<-0 


J  2  ?n(ta-0)l  „  . 

rQ)e  -*  ;  »pn(kr)atan 


H  'kr) 

n 

J  (kr) 
n 


* 


(6) 
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In  particul&rt 


rn(o) 


;(r  ) 
n  o 


-j  2 


?n<*o> 


(7) 


since,  for  r  -to:  I  (kr)-»a>  ,  J  (kr)—*o  ;  n>o.  for  the  IL.  node 

in  spherical  guide  (i.e.,  n  ■  1),  the  spherical  functions  are  given  eft 

^(kr)  »  li^S  -  cos  kr  ;  ^(kr)  =  -  sin  kr  -  (g) 


Since  the  Neumann  functions  become  infinite  at  the  origin  it  is 
desirable  to  relate  solutions  for  specific  quantities  at  the  origin  to  those 
far  removed  therefrom.  Such  a  relationship  can  be  derived  for  the  voltage 
reflection  coefficient,  for  kr  7"?  1,  the  spherical  Bessel  and  Neumenn 
functions  reduce  to 

$  (kr)  "  sin  (kr  -  n  tt/2)  ;  N  (kr)  =  -  cos  (kr  -  n  n/2)  (9) 

ii  n 

A 

so  that  the  phase  function  n  for  the  Hankel  function  H  becomes 


,(kr) 


fi  tan”1  [cot  (n  tt/2  -  kr)  kr  -(nH«K>p)TT/2,  p*0,  1,  2  ... 


(10) 


Suppose,  nov,  *&at  the  voltage  reflection  coefficient  P  (r  )  at  r  »  rQ  is 
known.  The  raflection  coefficient  at  the  origin  in  terms  or  P  (r  )  is 
given  in  (7).  tipon  substituting  (7)  into  (6)  ve  can  write  for  any0 r! 


rn(r) 


-  r,(o) 


(to) 


-  r>> 

u 


i  2  [kr  -  (nfDTT/2”] 


kr  -771 


(11) 
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Iquation  (11)  immediately  suggest*  the  selection  of  two  special  values  of  rl 
a)  r  *  q  (X/2)  ,  h)  r  »  (2q  +  l)(X/4)  ;  q  «  large  Integer  (12) 

In  terms  of  these  radii,  Equation  (ll)  reduces  tot 

»)  rn  (qx/2)  i  (-«n  r>>  ,  b)  rn((24fi)^  t-D"1  rn  m 

as) 

Thus,  for  the  H..  mode,  the  reflection  coefficients  at  the  origin  and  at  a 
radius  r  =  (2q  +  l)x/4,  q  large  integer,  are  identical  (to  within  the 
approximation  that  terms  of  the  order  of  l/kr  and  higher  can  he  neglected) . 


